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Issues to be addressed

Let £ : C([0, T];R") — R be a Borel functional, let F = (F)¢>0
be a reference filtration generated by a multi-dimensional Brownian
motion. Let U] ;0 < t < T be the set of F-predictable controls
defined over (t, T] and taking values on a compact subset A.

Let {X¥; u € UJ} be a family of F-adapted controlled processes.

We are interested in the stochastic optimal control problem

sup E[f(X(f’)}

peuy

in the following sense:



Issues to be addressed

QUESTION: For a given error bound € > 0, how to design a
numerical scheme to compute c-optimal controls ¢*¢, i.e.,

El¢(x*™)] > ¢su5TE[§(X¢)} —c



Issues to be addressed

QUESTION: For a given error bound € > 0, how to design a
numerical scheme to compute c-optimal controls ¢*¢, i.e.,

El¢(x*™)] > ¢su5TE[§(X¢)} —c

This is an old, classical and (at some extent) well-understood
question in case X? is a controlled Markov process. Answer:

e PDE techniques (Hamilton-Jacobi-Bellman) and Monte Carlo
schemes.

@ Markov chain approximations.



Beyond Markovian case: Path-dependent SDEs driven by

Brownian motion

path-dependent functional path-dependent functional
—_— — e
dX“(t) = a(t, X, u(t)) dt+ o(t, X/ u(t)) dB(t),

where B is a Brownian motion and X} := {X"(s); 0 <s < t}.

» Characterizations of the value process.
@ 2BSDEs: Nutz (2012)
@ Randomization approach: Fuhrman and Pham (2015)

@ 2BSDE and path-dependent PDEs: Possamai, Tan and Zhou
(2018).

@ Functional HJB-type equation: Qiu, J. (2018).



Beyond Markovian case: Path-dependent SDEs driven by

Brownian motion

» Numerical methods for path-dependent SDEs driven by Brownian
motion.

@ G-expectations: Dolinsky (2012).
@ Monte Carlo scheme: Tan (2014).

@ Monotone scheme for path-dependent PDE: Zhang and Zuo (2014),
Ren and Tan (2016).

@ Policy iteration algorithm: Possamai and Tangpi (2024).



Controlled systems with non-trivial memory

In the fully non-Markovian case, feasible numerical approximation
schemes are very challenging !

Typical non-trivial example:

non-anticipative functional fully non-Markovian
—_———
dXU(t) = oft, X", u(t)) dt+o(t, X" u(t))dB"(t)

where B is a fractional Brownian motion with exponent H € (0,1)
given by

B B%0) = | Ku(-.u)dB(w)



Controlled systems with non-trivial memory

B BH() = /0 Ki(-, u)dB(u)

@ Highly singular infinite-dimensional map for 0 < H < %
@ Regular infinite-dimensional map for % <H<1

o If H=# % one cannot reduce it to a Markovian situation
without adding infinitely many degrees of freedom.



Related literature

Optimality characterization:
» Maximum principle

@ Biagini, Hu, Oksendal and Sulem (2002)
@ Han, Hu and Song (2013).
» Lifting approach, relaxed controls:
@ Path-dependent-type PDE: Viens and Zhang (2018)

@ Control in UMD spaces: Di Nunno and Giordano (2023),
Chakraborty, Honnappa and Tindel (2024).

@ Relaxed controls: Cardenas, Pulido and Serrano (2025).



Related literature

Optimality characterization:
» Maximum principle

@ Biagini, Hu, Oksendal and Sulem (2002)
@ Han, Hu and Song (2013).
» Lifting approach, relaxed controls:
@ Path-dependent-type PDE: Viens and Zhang (2018)

@ Control in UMD spaces: Di Nunno and Giordano (2023),
Chakraborty, Honnappa and Tindel (2024).

@ Relaxed controls: Cardenas, Pulido and Serrano (2025).
» An attempt to a numerical scheme:

@ Infinite-dimensional Ricatti equations for linear-quadratic problems:
Jaber, Miller and Pham (2021).



Typical examples we have in mind

In this talk, we will present a concrete numerical scheme for
computing near optimal controls for controlled processes adapted to
the Brownian filtration beyond the linear-quadratic cases:

path-dependent functional path-dependent functional
—N— —N—
aX“(t) = oft, X{,u(t)) dt+ ot X, u(t))  dB(t), (1)
non-linear functional fully non-Markovian
e N ——
dX¥(t) = a(t, X!, u(t)) dt+ odB"(t) (2)

and

dXu(t) = X“(t)u(u(t))dt + X“(£)0(Z(t), u(t))dB;
dZ(t) = o(dt, dZ(t),dB"(t)), (3)

SDE driven by B"

where B is the fractional Brownian motion with H € (0, 3).



The idea of the method

We construct a suitable underlying imbedded discrete structure (we do
not lift to an infinite-dimensional Markovian system) inherited from the
Brownian motion which allows us to construct a discrete-time
backward dynamic programming equation associated with

V(t,u)= esssup E[((X?)|F]; 0<t<T. (4)
¢ip=u on [0,t]

where V(T,u) = &(X") and V(0) = SUPgcyT E[£(X?)].



The idea of the method

We construct a suitable underlying imbedded discrete structure (we do
not lift to an infinite-dimensional Markovian system) inherited from the
Brownian motion which allows us to construct a discrete-time
backward dynamic programming equation associated with

V(t,u)= esssup E[((X?)|F]; 0<t<T. (4)
¢ip=u on [0,t]

where V(T,u) = &(X") and V(0) = SUPgcyT E[£(X?)].

@ The solution of our discrete-time dynamic programming equation
provides a near optimal stochastic control for the original problem

(4).

@ Optimal controls resulting from our dynamic programming equation
can be numerically computed by Machine/Deep Learning
techniques.



Contributions

Our contribution relies on:

@ Development of a numerical scheme for computing
near-optimal controls for (possibly) fully non-Markovian
controlled processes.

@ Explicit rates of convergence are provided under rather weak
conditions.

© Closed/open-loop optimal controls are obtained and classified
according to the strength of the possibly underlying
non-Markovian memory.



Main References

e Ledo, D., O-A. and Souza, F. (2024). Solving non-Markovian
Stochastic Control Problems driven by Wiener Functionals.
AAP.

@ Ledo,D. O-A. and Simas, A. B. (2018). A weak version of
path-dependent functional 1t6 calculus. AOP.

@ Ledo,D. O-A. and Simas, A. B. (2018). Weak differentiability
of Wiener functionals and occupation times. BSM.

e O-A and Souza, F.A. (2020) LP uniform random walk-type
approximation for fractional Brownian motion with Hurst
exponent 0 < H < % EJP.



Basic structure of &

We are going to fix a d-dimensional Brownian motion
B={B!,...,B on (Q,F,P), where Q is the space

C(Ry;RY) := {f : Ry — RY continuous}, PP is the Wiener
measure on 2 such that P{B(0) =0} =1 and F := (F¢)¢>0 is the

usual P-augmentation of the natural filtration generated by the
Brownian motion.



Basic structure of &

We are going to fix a d-dimensional Brownian motion
B={B!,...,B on (Q,F,P), where Q is the space

C(Ry;RY) := {f : Ry — RY continuous}, PP is the Wiener
measure on 2 such that P{B(0) =0} =1 and F := (F¢)¢>0 is the
usual P-augmentation of the natural filtration generated by the
Brownian motion.

In the sequel,

ur— XY

is a controlled F-adapted continuous process defined on UOT.



Standing assumptions

In the sequel, we denote

D, 7 :={h:[0, T] = R" with cadlag paths}. We now present the
two standing assumptions of this talk.

Assumption (A1): The payoff £ : D, 7 — R satisfies the

following regularity assumption: There exists v € (0,1] and a
constant ||£|| > 0 such that

£(F) — €@l < €I — &l

for every f, g € D, 1, where [|f|o 1= supg<;< 7 |f(t)].
Assumption (B1): There exists a constant C such that
T
BIXY - X < CE [ [u(s) ~n(s)Pas.  (5)
0

for every u,n € Uy .



The underlying discrete skeleton &

We start by constructing a sequence T := {TX; n > 0} of hitting
times which will be the basis for our discretization scheme. Fix a
sequence €, | 0 as k — 400. We set Tok :=0 and

TK =inf{Tk | <t<oo;|B(t) - B(TK )| =ex}, n>1.

Then, we define Ak := (AKL ... AKd) by

o0

ALt Z (BI(TH) = BI(TH 1)) Lyienys €20, j=1,....d,

for integers k > 1.



The underlying discrete skeleton

In the one dimensional case, we have
=inf{TX, <t<oo;|B(t)— B(T, )| =¢ex}, n>1

{AK(TK) — AK(Tk_}); n > 1} is an iid sequence of Bernoulli variables.

Continuous-Time Random Walk and Brownian Motion
Brownian Motion B,

—— Continuous-Time Random Walk Af
x T (hitting times)

Value

0.0 0.2 0.4 0.6 0.8 1.0



The underlying discrete skeleton

Let FX = (FK):>0 be the filtration generated by A%. One can

check
Fhy = o(AT), DANTy 1< i <),
where ATk := T,f — T,f,l 4 T and
\W_/
Burq Jones algorithm (2008)
AAK(TY) = AN(T) = AT 1)

Bernoulli (1-dim) or conditioned truncated Gaussian (d-dim)

Definition

The structure 2 = {T,AX; k > 1} is called a discrete-type
skeleton for the Brownian motion.




The number of steps

Let us define

e °T
ol

where [x] is the smallest integer greater or equal to x > 0 and

e(k, T) = |

Xd :=E min{Tl, .. ,Td},

where (7‘1)]‘-’:1 is an iid sequence of random variables with

distribution inf{t > 0; |W/(t)| = 1} for a real-valued standard
Brownian motion W.



Discretizing the set of controls

Let Ué(’e(k’T) be the set of FX-predictable processes of the form
e(k,T)
vk(t) = Jz_:l Vj’:]_]].{-,-jk_1<t§7—jk}7
where for each j =1,...,e(k, T), vjk_1 is an A-valued

fk

T -measurable random variable.
j—1



Controlled imbedded discrete structures

The structure Z is dense in the Wiener space in the following sense:

Theorem Le&o, O-A (2018, 2024)

For a given controlled process u — X" satisfying Assumption B1l, we can
associate a discrete type structure X = ((X*)x>1,2) of the following

form: For each ¢ € Ut 1),

Xk¢ Zxk¢ ll{Tk<t/\T

ek, 7)< Tra b

where X*?(Tk) is 7%, -measurable for every n > 0 and k > 1.
Moreover, there exists a positive sequence hi | 0 such that

sup  E[X5? — X?||o < hy,
¢€Uk ,e(k,T)

for k > 1. A pair (X, X) is called an imbedded discrete structure for
X.




Typical examples of controlled imbedded discrete structures

(Controlled path-dependent SDEs)
X/(,Vk(Trf) — Xk,vk(7—nk_1)—’—Oz(-’-,f_l’)(;?kvk7 V,/;_]_)ATlﬁ(
n—1

k
+ (T xR i) AAK(T),

s> Yn—1
1

for n > 1.



Typical examples of controlled imbedded discrete structures

(Controlled path-dependent SDEs)
X/(,Vk(Trf) — Xk,vk(7—’f_1)—’—Oz(-’-,f_l’)(;?kvk7 V,/;_]_)ATlﬁ(
n—1

bo(TEL X ) Ak

for n > 1.

(Controlled path-dependent SDEs driven by FBM)

k k vk
Xk’v (T,I,() kav (Tri(—l) + a(T:—IDX;(—’%71’ V/f—l)ATr,:

+ oABy(TH),

BY, is a Z-discretization of BH.



The FBM imbedded discrete structure

Let Ky(t,s) = Kni(t,s) + Ku.1(t,s) be the classical
Volterra-kernel of FBM,

1 1 1
Kui(t,s) := cH’ltH*ESE*H(t — s)H*E,
1_H t H-—3 H—1
K o(t,s) := cpos? u"2(u—s)""2du
S
for s < t and constants cy 1 and ch .

Let Cg' be the space of Holder continuous functions f such that
f(0) = 0. For each f € C3, we set

(AuF)(t) = /otasKHJ(t,s)[f(t)—f(s)]ds

t
- / 0.K1 2(t, 5)f(5)ds.
0



The FBM imbedded discrete structure

Theorem O-A, Souza (2020)

Any FBM with exponent 0 < H < % on a time interval [0, T] can

be represented by Ay B for a real-valued standard Brownian motion
B.




The FBM imbedded discrete structure

Let & ;= max{T5 Tk <tland tf :=min{T5 t < TS} AT.

T
Bl(t) = / 0o K1 (B, )[A*(B) — A*(57)]ds
0
T
/ 85KH72(Z’k,S)Ak(S)dS.
0
Theorem O-A, Souza (2020)

Fix 0 < H < % and p > 1. For every pair (0, A) such that
max{0,1 — &7 1l <o <1, )\e( +521) we have

E||Bly — Bull% Spom,t eI 0

as k — +oo0.




The approximated value process

Notation: &y« (u) := &(X*Y) for a given controlled imbedded
discrete structure u — XkU,

We set
concatenation
k k k
VH(T), u) == esssup E[éxk (u®p ) {]—"Tk}, (6)
d)eU:ae(kaT) n

forn=1,...,e(k, T) — 1, with boundary conditions

VE©0) == VK(0,u) = sup  E[éx«(9)]
¢€U(l)<,e(k,T)

and
VE(TE 7y 1) == Exe(v).

Next, we will construct a pathwise computable version of (6).



The approximated value process

For each u € Uf*T)  the discrete-time value process V(-, uk) satisfies

Vk(Tek(KT), u¥) = & (uX) as

sup
o — 7
Vk(T,f, uk) — &sssup E| V¥ (T,ﬁ_l, vorle, 0,’:) | fé(—k , @

okeup ™!

for0<n<e(k T)—1.




The approximated value process

For each u € Uf*T)  the discrete-time value process V(-, uk) satisfies

Vk(Tek(KT), u¥) = & (uX) as
k k | k /—'SUL k k k k k (7)
VK(TX, u) = esssup E| V¥ (Try,u"" 1 ®,08) | Fril,
gﬁeur‘:yn+1 o

for0<n<e(k T)—1.

We can actually prove that we can replace esssup by the sup in
(7) by using analytic set theory techniques and the closed form
expression for the law of (AT, AAK(T)).



Intuition of aggregation

k,e(k,T)

For a given control uk € Uy’ and a controlled structure

= (X9)k>1,2), we set
uk u u
Yt = (A AXR(TE)), L A AXEY(TH))),

for 1 <j < e(k, T). Here A := (AT}, AA*(T})). The value
functionals can be represented by a blg functional

vk(Tnk,uk)zsup/kcb ViU X0, 95, wh) ) vk (dwk)

0cA JW

where XK is the jump of the Z-controlled state as step n and v/*
the law of (AT, AAK(T{)) taking values on a set Wk.



The Dynamic Programming Principle

Theorem Le3o, O-A (2024)-Pathwise Dynamic Programming Equation

Let v* be the law of (AT}, AAK(Tf)). Starting from a given controlled
state (standard terminal condition)
Vi (05w 1)) = E(vew 1y (05w 1))

the value functionals (Z-version of the original value process) satisfy

k( Tk _ wk(yku
V(T u) = Vi)
where

training data,control

k k k k
Uj (01,9) = / Vj"rl( J+1(0’0J7W ))l/ (dW )
VX(of) := supUf(o},0), j=e(k,T)—1,...,0,

0eA

where XX 11 is the jump of the Z-controlled state as step j + 1.




The Dynamic Programming Principle

For a given € > 0, compute Cf ; : 1Y, — A (via deep/reinforcement
learning techniques) such that

V4(ok) < /W VE (of X1 (CEy(0f). of wh) ) A (aw) e, (8)

for every 0 training data, where j = e(k, T) —1,...,1. Let

m(€) = sy and uk € UERT) | Define gi)jf’"*(e) as follows
k, € Nk (€ u .
o ™M) = QU = e(k, T) = 1.....0.
The control
ke = (GO, g0, )
realizes

sup  E[éxe(¢)] < E[éx(¢™%9)] +e.

¢EUkekT)



Rate of convergence of the numerical scheme

Theorem Le3o, O-A (2024)

Let us consider a pair (X, X), X = ((Xk)kzl,.@) such that there
exists a positive sequence hy | 0 such that

sup  E[X*? — X?||oo S hi, (9)
¢EU(I)<,e(k,T)
for k > 1. Let VX(0) :=sup ket ) E[Exn (u¥)]; k > 1.
=<t
Then, for a given ¢ > 0 and 3 € (0, 1), there exists a constant C
which depends on f, |||, and Assumption (B1) such that

| sup E[ex(@)] - VHO)| <€ {M+q°) 4 (10)
el Euler+Large deviations

for every k > 1.




Rate of convergence of the numerical scheme

Continuation of Theorem Ledo, O-A (2024)

For a given € > 0 and k > 1, let ¢*k* ¢ Ug’e(k’T) be a near
optimal control associated with the discrete-time control
problem computed before which realizes

E[¢x (6"5)] > Vi(0) — g; k> 1.

Then, ¢*k< UOT is a near optimal control for the Brownian
motion driving stochastic control problem, i.e.,

E[éx(¢*%)] > sup E[¢x(e)] —ce, (11)

peul

for every k sufficiently large.




Concrete cases

Proposition Ledo, O-A (2024)
Let X" be the controlled SDE

dX“(t) = a(t, X{, u(t))dt + o(t, X, u(t))dB(t),

where the non-anticipative functionals («, o) satisfy standard
Lipschitz conditions. Let X = ((X*)k>1,Z) be the Euler-type
controlled imbedded discrete structure associated with X. Then,

-
sup  E[IX*?—X?|| _<Se2 —0, (12)

peylek)

as k — oo.




Concrete cases

Proposition Ledo, O-A (2024)
Let X" be the controlled SDE

dX“(t) = a(t, XY, u(t))dt + odBy(t),

where By ia a real-valued FBM with 0 < H < 1, the
non-anticipative functional « satisfies standard Lipchitz
assumptions. Let X = ((X¥)k>1, Z) be the Euler-type controlled
imbedded discrete structure associated with X. Then,

sup B[ X% — X?||loo S el — 0, (13)
¢€Ué<,e(k,T)

as k — +oo.




Concrete cases

Proposition Ledo, O-A (2024)

Fix 0 < H < 1. Let X be the controlled SDE

{ dXU(t) = XU(t)u(u(t))dt + XU (t)I(Z(t), u(t))dB(t)
dZ(t) = vdWy(t) — B(Z(t) — m)dt,

where m € R, 8, v > 0, ¥, pu satisfy standard Lipschitz assumptions
and Wy, is a FBM correlated to B!. Let X = ((X¥)x>1,Z) be the
Euler-type controlled imbedded discrete structure associated with
X. Then,

sup B[ X% — X?||lo S el — 0,

peybelk)

as k — +oo0.




Optimal control of drifts

Theorem Ledo, O-A (2024)

Let X be the controlled SDEs driven by FBM with 0 < H < %
where the controls affect only the drift coefficients. Assume the
drift has convex range in R". Then, for

) sup E[¢x(0)] — Vk(O)’ <Sell™ 50, as k — oco.
peul




Non-Markovian property and optimal controls

Theorem Ledo, O-A (2024)

If the controlled process is a path-dependent SDE driven by a
Brownian motion, then the near optimal controls are closed-loop.
If the controlled process is a path-dependent SDE driven by a
fractional Brownian motion, then the near optimal controls are
open-loop.




Numerical example: Markovian case

For a given ¢ € R and a Lipschitz function ¢ : R?> — R, we define
0c(x,y,2) = (c+x — ¢(y,2))? (x,y,z) € R3. Let us consider

ds'(t) = SX(t) (udt + ordB(t))
dS?(t) = S'(t) (nadt + 02dB(2)) .

The problem is

minimize  E|oc(X(T, ), SX(T),$%(T))| overalig € UJ, c€R,

where

X(t,¢) = /as, )dS(r)id € U 0<t< T,



Numerical example: Markovian example

In this example, we choose ¢(y,z) := max(y —z,0) and a=1. It
is well-known there exists a unique choice of (c*,¢*) € R x Uf
such that

T S )

= E[oc- (X(T, "), SY(T), S*(T))] =0,

where ¢* = S}d(d1) — S2P(dh),

g () 5T .
o=\/o?+03, d= T , dy=di—oVT,
o

and & is the cumulative distribution function of the standard
Gaussian variable. We recall ¢* is the so-called delta hedging which
can be computed by means of the classical PDE Black-Scholes.



Numerical example: Mean variance hedging

Table: Comparison between c* and c®* for e, =27

k Result Mean Square Error True Value Difference % Error
1 5.9740 0.01689567 5.821608 0.152458  0.0261%
2 5.8622 0.01158859 5.821608  0.04059157 0.0069%
3 57871 0.00821813 5.821608  0.03441365 0.0059%




Numerical example: Mean variance hedging

== True Value == True Value

— k=1 — k=2
" Sumples 0 Samples
(a) (b)

Figure: Monte Carlo experiments for ck*



Solving the dynamic programming equation by Deep

Learning

The risky asset price

SKF=S5(0)+) Asf1<i<m,

j=1

follows a geometric Brownian motion-type process

AS) = uSE ATy + 0S{_1 AAE,

for 1 < ¢ < m. For a given control ¢ = (¢, ..., Pm—1), we consider the
wealth process

Yl =+ ¢ aASK1<i<m.

=1

where ¢ The two-dimensional controlled process is X% := ( Y"”¢ )

1
fori=0,...,m.



Solving by Deep Learning

The goal is to compute
PN
¢ € argmin E‘ Yo~ go(Sm)’
ocU

over a suitable class of controls U parameterized by a Feedforward
Neural Network.



Solving by Deep Learning

In general, the transition function X' : R x (]R+ X R) x W — R? at the

J + 1-th step (viewed backwards for j = m —1,...,0) is given by
(1) 1)z
X(Q,Xj,W> = S+O-XJ(1 ,": (14)
u><j 95+O'XJ- 6]

where w = (s,7) for s € (0,00) and i € {—27k +2¥}. Then, we define
recursively

UGs.0) = [ Wi+ x(005.0))n(de)  (19)

W

Vi) = inf U;(x,0),



Solving by Deep Learning

We define ufo as follows:

ui® € argmin Uj(x;, 6),

0eER
forj=m—1,...,0. Observe that this iterative scheme defines a
sequence of Borel functions gj : R xR = R;j=m~—1,...,0

which realizes

u?(x) = gi(x),

foreach x; c Ry xRand j=m—1,...,0.



Solving by Deep Learning

By definition, the value functions are

Vi(x) = Uj(x, g(x));j=m—1,...,0.

The class of functions which contains {g; j";_ol is unknown. For
this reason, we postulate two neural network spaces (here B and ©
are suitable parameter sets).

C={R; xR>x C(x,0) €R%* 0 cO} (16)
and

V={R, xR3x— dx,p) eR3j3c B}. (17)



Construction of a synthetic training data

We generate ¢y, ..., »m_1 following uniform distributions in
[~2,2]. Starting with (S§, Y&) = (So, ¢*), we construct

V=Y gaasfil<i<m (19)
j=1



Solving by Deep Learning

For a given C = (a,b) € C,® = (c,d,e) € V and a training data
Xjk_l = Xjk¢ we define

)(je—l = X(E()<jl<—179)7)9/(—17AT1k7AAk(T]{<))7 (19)

where N
C(Xf1,0) == a(Sf_1;0) + b(Sf_1;0) Yy, (20)

for1<j<m, 0€0, and

o 2
(D()(jk—l’ﬁ) = C(Sjk—l; 6) + d(sjk—l; ﬁ) YJk_l + e(sjk_l; B)(ij—l) )
(21)
for 1 <j < mand 3 € B. Here, e is non-negative to insure
convexity.



Solving by Deep Learning

Terminal condition: @m =Vm,
@ Compute the approximated control at time n

stochastic gradient descent(ADAM)
—_——~

~

f, € argmin El@m(xf + X,?)] (22)
SC]

@ compute the estimation of the value function at time n

stochastic gradient descent (ADAM)
——f

O~ ~ A ~ 2
Vocargmin  E[Vaun (X +27) = 9(X5, )] (23)
BeB

forn=m-1,...,1,0.



Numerical example: Mean variance hedging

Table: Computing the Profit and Loss by Deep Learning

k mean Standard Deviation
1 0.3740 0.1689567
2 0.1622 0.4158859
3 0.02871 0.10821813
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