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Consider the equation

(E)

where (¢, ) is a distribution in some Besov space and B is a fractional
Brownian motion.

\dXt = o(t, X;) dt + dB,,

We look for solutions of the form
Xi = Xo + K; + By,

where in case ¢ is regular enough, K; = /g o(r, X,) dr.
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Introduction

Consider the equation

\dXt = o(t, X;) dt + dB,,

(E)

where ¢(t,-) is a distribution in some Besov space and B is a fractional
Brownian motion.

We look for solutions of the form
Xi = Xo + K; + By,

where in case ¢ is regular enough, K; = /J o(r, X,.) dr.

Typical examples

» o = adp: corresponds formally to an SDE involving the local time
of the solution, see [Le Gall'84] in the Brownian case.

» © =« |°: Bessel-like processes and Riesz-type kernels in
mathematical physics (e.g. Coulomb gases, Keller-Segel model,
etc.).
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Noise is your friend

Without noise, classical theory requires
> € L;C} for well-posedness;
> € L{CY for mere existence (Peano).
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Noise is your friend

Without noise, classical theory requires
> € L;C} for well-posedness;
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Noise is your friend

Without noise, classical theory requires
> € L;C} for well-posedness;

> € L{CY for mere existence (Peano).

Typical example

dXt = sign(Xt)\/ |Xt| dt +dBt, XO = O,

As soon as the solution leaves 0, = uniqueness of solution since /- is
Lipschitz away from 0.

Now add noise to the equation.
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Introduction

Noise is your friend

Without noise, classical theory requires
> o € L;C} for well-posedness;

» o € L;C) for mere existence (Peano).

Typical example

dXt = sign(Xt)\/ |Xf| dt erB//, XO = 0,

As soon as the solution leaves 0, = uniqueness of solution since /- is
Lipschitz away from 0.

Now add noise to the equation. Due to the forcing, solution leaves 0
immediately. But away from 0, Lipschitz drift = uniqueness. For
almost each trajectory of (B;);>0, we have a unique solution.

4/28
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How is the noise helping?

Heuristics — In situations where the ODE &; = () lacks uniqueness,
adding noise might restore uniqueness ~+ regularisation by noise.
Consider X = X — B which now solves the random ODE:

t
Xt:XU+/ (X, +B,)dr, t>0.
0
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How is the noise helping?

Heuristics — In situations where the ODE i, = ¢(z;) lacks uniqueness,
adding noise might restore uniqueness ~+ regularisation by noise.
Consider X = X — B which now solves the random ODE:
t
Xt = X(J +/ (.)O(Xr + BT) d’f’, t 2 0.
0

In X = )?;l— B, X gives slow oscillations and B fast oscillations.
Freezing X, consider

¢
x|—>/ o(z+ B,)dr
0

and hope this mapping is Lipschitz.
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How is the noise helping?

Heuristics — In situations where the ODE i, = ¢(z;) lacks uniqueness,
adding noise might restore uniqueness ~+ regularisation by noise.

Consider X = X — B which now solves the random ODE:

t
Xt = X(J +/ (.)O(Xr + BT) d’f’, t> 0.
0

In X = )?;l— B, X gives slow oscillations and B fast oscillations.
Freezing X, consider

¢
x|—>/ o(z+ B,)dr
0

and hope this mapping is Lipschitz.
In fact, for L the local time of B,

/ e+ B,)dr = / (@ +y) Le(y) dy = o * Ly (2).
0 R

— @ * L, is more regular than ¢ |
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Rougher noise, smoother local time
For a Hurst parameter H € (0,1) \ {1}, fractional Brownian motion (fBm) is
given by:
B = CH/ (=912 (o)) aw,, teR
R

Introduced in the 40's by Kolmogorov as a toy model for turbulence. Since
then, many applications in hydrology, telecommunications, physics, finance, ...
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Rougher noise, smoother local time

For a Hurst parameter H € (0,1) \ {1}, fractional Brownian motion (fBm) is

given by:

B, — CH/ (=912 (o)) aw,, teR
R

Introduced in the 40's by Kolmogorov as a toy model for turbulence. Since
then, many applications in hydrology, telecommunications, physics, finance, ...
» Trajectories:

@ - m Brownien (H=1/2) P‘\\ " @ - m Brownien (H=1/2)
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» Gaussian process with memory:
* H> %: more regular than Bm, long-range dependence.
® Rough regime H < % negatively correlated increments, strong
oscillations.
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Rougher noise, smoother local time

For a Hurst parameter H € (0,1) \ {1}, fractional Brownian motion (fBm) is

given by:

B, — CH/ (=912 (o)) aw,, teR
R

Introduced in the 40's by Kolmogorov as a toy model for turbulence. Since
then, many applications in hydrology, telecommunications, physics, finance, ...
» Trajectories:

© -| m Brownien (H=1/2) © - m Brownien (H=1/2)
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» Gaussian process with memory:
* H> %: more regular than Bm, long-range dependence.
® Rough regime H < % negatively correlated increments, strong
oscillations.

> Local time: @+ Ly(z) has regularity 5+ — 1 — ¢ as.

Rule of thumb: rougher noise, better regularisation! j .
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A few results - Brownian case

» Works of Zvonkin, Veretennikov, [Krylov & Réckner'05]: Strong WP
for o(t, ) € L9([0, T]; LP(R?))

2 d
if p>2,¢>2 2+ <1.
q p
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A few results - Brownian case

» Works of Zvonkin, Veretennikov, [Krylov & Réckner'05]: Strong WP
for o(t, ) € L9([0, T]; LP(R?))

2 d
it p>2,¢>2 —+-<1.
qa P

» Holder setting: p € C7,
® [Bass & Chen'01] proved strong WP for v > —1, d =1,
counter-examples for v < f%.
® Weak WP for y > —2, d = 1 [Delarue & Diel'16];
weak WP for v > —2, d > 1 [Flandoli, Issoglio & Russo'17];
Canizzaro-Chouk, Coutin-Duboscg-Réveillac, etc.

® Also stable and/or degenerate noise by Priola, Chaudru de Raynal,
Menozzi et al.
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A few results - Brownian case

» Works of Zvonkin, Veretennikov, [Krylov & Réckner'05]: Strong WP
for o(t, ) € L9([0, T]; LP(R?))

2 d
it p>2,¢>2 —+-<1.
qa P

» Holder setting: o € C7,
® [Bass & Chen'01] proved strong WP for v > —1, d =1,
counter-examples for v < f%.
® Weak WP for y > —2, d = 1 [Delarue & Diel'16];
weak WP for v > —1, d > 1 [Flandoli, Issoglio & Russo'17];
Canizzaro-Chouk, Coutin-Duboscg-Réveillac, etc.

® Also stable and/or degenerate noise by Priola, Chaudru de Raynal,
Menozzi et al.

These results rely crucially on the Markov property of the BM, and

subsequently on PDE techniques (martingale problem and/or Zvonkin
transform).
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A few results - fBm case

But fBm is neither Markov, nor a semimartingale.

» Early work by [Nualart & Ouknine’02]. Then

[Catellier & Gubinelli'16] used nonlinear Young integration to prove
that there is a unique solution if

C7(R%) and 1— —.
¢ € C7(R) and v > 577
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A few results - fBm case

But fBm is neither Markov, nor a semimartingale. )

» Early work by [Nualart & Ouknine’02]. Then

[Catellier & Gubinelli'16] used nonlinear Young integration to prove
that there is a unique solution if

1
e C'(RY and y>1- —

2H "
» Recently, thanks to the Stochastic Sewing Lemma of [L&'20],
® For ¢ € B} (R?), p < o0, ’y—f*l—ﬁ,strongWPofthe

fBm-driven SDE [Anzeletti, R. "8 Tanre' 23];
® \Weak well-posedness: weak existence in [Anzeletti, R. & Tanré'23]

for v > £ — 5%, uniqueness in law in [Butkovsky & Mytnik '24].
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A few results - fBm case

But fBm is neither Markov, nor a semimartingale. J

» Early work by [Nualart & Ouknine’02]. Then

[Catellier & Gubinelli'16] used nonlinear Young integration to prove
that there is a unique solution if

1
e C'(RY and y>1- —

2H "
» Recently, thanks to the Stochastic Sewing Lemma of [L&'20],
® For ¢ € B} (R?), p < o0, fy—f*l—ﬁ,strongWPofthe

fBm-driven SDE [Anzeletti, R. "8 Tanre' 23];

® \Weak well-posedness: weak existence in [Anzeletti, R. & Tanré'23]

for v > £ — 5%, uniqueness in law in [Butkovsky & Mytnik '24].

Theorem ([Galeati & Gerencsér'24] — Time-dependent drift)
Strong WP holds for (E) when o € L?([0,T];C”(R%)) with

1
11— ———— and 1, 00].
v > H(V2) and ¢ € (1,00]
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McKean-Vlasov equations

As for “linear” SDEs, it is possible to exploit the regularising effect of the

noise for McKean-Vlasov SDEs. Consider specifically convolution-type
equations

{dYt = Py % e (Y;) dt + d B, (McKV)

e = Law(Yy).

This eq. arises formally as the limit of interacting particle systems.
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McKean-Vlasov equations

As for “linear” SDEs, it is possible to exploit the regularising effect of the
noise for McKean-Vlasov SDEs. Consider specifically convolution-type
equations

o = Low(¥0). (McKV)

This eq. arises formally as the limit of interacting particle systems.

{dn — oy y (V2) dt + dB,

Theorem ([Galeati, Harang & Mayorcas'23], [Galeati & Gerencsér’24])

Strong WP holds for (McK-V) when ¢ € LCY with~y > 1— W and
q € (1,00].

Remark: a similar statement holds for more general drift (¢, z, u).
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McKean-Vlasov equations

As for “linear” SDEs, it is possible to exploit the regularising effect of the
noise for McKean-Vlasov SDEs. Consider specifically convolution-type
equations

(McKV)

dY; = by * pe(Yy) dt + dBy
e = LaW(Y;)

This eq. arises formally as the limit of interacting particle systems.

Theorem ([Galeati, Harang & Mayorcas'23], [Galeati & Gerencsér’24])

Strong WP holds for (McK-V) when ¢ € LCY with~y > 1— ﬁ and
€ (1, 00].

Remark: a similar statement holds for more general drift (¢, z, u).

Objectives:
» Obtain the regularity of the law of a linear SDE;
> Exploit this regularity for (McK-V) to go below the 1 —
threshold.

1
H(7V2)
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> For ¢ € L>([0,7];C7(R?)) and H > 3, [Olivera & Tudor'19] : X,
has a density with some Besov regularity.

» For ¢ € L>([0,T];C7(RY)), [Galeati, Harang & Mayorcas'23] show
that £(X.) € LI([0,T]; BY) for a < (3 — 3)-

10/25
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Besov regularity

BYRY) = {f eS'RY): ||flle < o0},

where || - ||ge has the equivalent thermic representation:
1

IF=H (SFf) e (ray + Sup]s 07 gs * fllo ey

s€(0

foranyn > a, n € N.
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Besov regularity

BYRY) = {f eS'RY): ||flle < o0},

where || - ||ge has the equivalent thermic representation:
1

IF=H (SFf) e (ray + Sup]s 07 gs * fllo ey

s€(0

foranyn > a, n € N.

For instance, one gets for the fBm B of Hurst parameter H € (0,1) that
< 1
I£(Bu)llsy = llgeeullBy < T Aol vt > 0.

In particular, £(B.) € L9([0,T]; BY') when

11/28
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t
Xt:X0+/ (s, X.)ds+ By, tel0,T]. (E)
0

Definition
» Solution:
® (¢")nen in LU([0, T]; C;°), ™ — ¢ in LI([0,T];C77).
® Vn € N, denote X" the solution of (E) with drift ¢™.
® If (X™)nen converges in LQ(Q;C[O,T]), call the limit (Xt)icpo,r) @
solution to (E).
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t
Xt:X0+/ (s, X.)ds+ By, tel0,T]. (E)
0

Definition
» Solution:
® (¢")nen in LU([0, T]; C;°), ™ — ¢ in LI([0,T];C77).
® Vn € N, denote X" the solution of (E) with drift ¢™.
® If (X™)nen converges in LQ(Q;C[O,T]), call the limit (Xt)icpo,r) @
solution to (E).

Assumption: ¢ € L4([0,T];CY(R)) with

He(0,+00)\N, v>1- and g€ (1,+00]. (A)

1
H(q Vv 2)

12/25



Introduction Regularity of laws of SDEs Gaussian bounds McKean-Vlasov equations

Time-space regularity of the density

Theorem (Anzeletti, Galeati, R. & Tanré '25)
Under (A), let X be the solution to (E). Let G € [1,00) and

1 1
< i 14+ —=75.
O_oc<m1n{”\,’y —I—H}

Then for any0 <s<t<T, (v<0,)

1 s |, e S S(t—s)it (IISOIIL”]cmrIIWIIH’7 ) (E=s)7,

where

and n € (0,1).

13/25
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Theorem (More general version)

Under (A), let X be the solution to (E) starting from an Fy-measurable
random variable Xj.
(a) FOI’ 1

O<a<y—1+ qu,,

then for any 0 < u < t < T, the conditional law L(X, | F,) has a
density which satisfies

e | Follss | < C+ (= u)=ef).

oo
Lﬂ

(b) Let (q,«) satisfying

1
g € (1,+00), 0<a<min{ ,’y—l—i—H},

then for any u € [0,T), t — L(X; | Fu.) belongs a.s. to
Li([u, T); BY) and satisfies

<C(T- u)%fo‘H.
Ly

112G | F)llzaqumiss)

14 / 25
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» For ¢ = § = 2, the condition on vy is v > 1— H and the density
estimate becomes

LX)z e S (E=5)7,

1
for any o < 537

15 /25
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Regularity of laws of SDEs Gaussian bounds McKean-Vlasov equations

For ¢ = § = 2, the condition on yis v > 1 — H and the density
estimate becomes

LX)z, 8 S (E=9)%,
for any a < ﬁ

Similarly for ¢ = 1+, £L(X.) € [S t]Bl for a < 5

15 /25
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Scheme of proof - 1

Fix s < t. By a duality argument,

1£C g sy S [ e
feL[”C‘ lIflI<
f smooth
< [ g
fEL[StC “, lfl<t
fsmooth

McKean-Vlasov equations

The above expectation of f; fr(X,) dr can now be studied via sewing

techniques.
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Scheme of proof - 2

Lemma
Assume (A), v < 0. Let § € [1,00) and

0§a<min{Hizj,'y—1+%}.

For any f € L7 ([0,T];C;°(R%)) and any 0 < s <t < T,

’/fr ) dr

Sl

((t—sraﬂ (lelzs, e + Bl . ><t—s>f).

17 /25
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Gaussian bounds

Gaussian bounds for the density of X

Recent results giving Gaussian bounds on the density of SDEs:

» [Besall et al.’16], [Baudoin et al.’16] : Rough differential equations
driven by fBm, smooth vector fields, using Malliavin calculus;

» [Li, Panloup & Sieber'23]: Differential equations with additive
fractional noise, irregular drift function in the Catellier-Gubinelli
regime, i.e. imposes restrictions when H < 1/2;

» [Perkowski & van Zuijlen'23]: upper and lower bound on the density
of SDEs, distributional drift with reg. > —1.

18 /25



Introduction Regularity of laws of SDEs Gaussian bounds McKean-Vlasov equations

Gaussian bounds

For H >1/2,v>1-1/(2H) and o € L>=([0,T];C?(R%)),
[Li, Panloup & Sieber'23] proved upper and lower Gaussian bounds.

Theorem

Let H<1/2,v>1-1/(2H) and ¢ € L>=([0,T];C?(R?)).

Then the solution to (E) has a density for any t € (0,T] and 3C > 0 s.t.
vt € (0,T), Vx € R4,

c! |z — 20/ dL(Xy) c | —z0)?
tdiH exp (O t2H S dr (l’) S tdiH exp -C t27H .

19 /25
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Girsanov's formula for fBm gives for the density of X;:
ly|?

L) = n) e T w),

where
Lo (R 2

w(y) =E[exp ([ (520, aW.— 3 [ 1052, ds) | B =),
0 0

K is a nonlocal operator from the definition of fBm, and

Z. = [, (s, Bs)ds.

20/25
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Girsanov's formula for fBm gives for the density of X;:
ly|?

dﬁﬁf) (v) = (2m)” e 2 U(y),

where
Lo 1 -1 2
W) = E[exo ([ (15120 aw, -5 [0 2P as) | B =)
0 0
K is a nonlocal operator from the definition of fBm, and
Z. = [, (s, Bs)ds.
» the law of B | Bj is a fractional Brownian bridge; we also need the
law of W | B;.
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Gaussian bounds
Girsanov's formula for fBm gives for the density of X;:

dﬁﬁf) ) = (m) e T ),

where
! —1 1 ! -1 2

U(y) :E[exp(/ (K Z), - dW, — 5/ (K5'Z).| ds) | B, :y},
0 0

K is a nonlocal operator from the definition of fBm, and
Z. = [, (s, Bs)ds.

» the law of B | Bj is a fractional Brownian bridge; we also need the
law of W | B;.

» Relies on representation of Volterra bridges from
[Baudoin & Coutin'07];

> For fractional bridge (P/)ic[o,1], we prove local nondeterminism

Var(PY|Fe) > cu(t —¢§) 1_¢p2H’
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Gaussian bounds
Girsanov's formula for fBm gives for the density of X;:

dﬁﬁf) ) = (m) e T ),

where
L 1t -1 2

W) = E[exo ([ (15120 aw, -5 [0 2P as) | B =)
0 0

K is a nonlocal operator from the definition of fBm, and
Z. = [, (s, Bs)ds.

» the law of B | Bj is a fractional Brownian bridge; we also need the
law of W | B;.

» Relies on representation of Volterra bridges from
[Baudoin & Coutin'07];

> For fractional bridge (P/)ic[o,1], we prove local nondeterminism

o (11
(=&
» Study above exponential functionals using regularising effects

(SSL+LND) of those Gaussian bridges (recall that ¢ can still be
distributionall). 20/25

Var(P{|Fe) = cu(t =€) t>¢.
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Introduction Regularity of laws of SDEs Gaussian bounds McKean-Vlasov equations

Consider convolution-type McKean-Vlasov SDEs:

(McK-V)

dY; = oy * pe(Yz) dt + d By
pr = Law(Y), t > 0.

Arises formally as the limit of interacting particle systems, as N — +oo:

N
. 1 . . A
AV = S - vy dBl, i€ {1 N)
i=1

B',...,BY independent fBm.
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Introduction Regularity of laws of SDEs Gaussian bounds McKean-Vlasov equations

Consider convolution-type McKean-Vlasov SDEs:

(McK-V)

dY; = ¥y * g (Yy) dt + dBy
pr = Law(Yy), t > 0.

Arises formally as the limit of interacting particle systems, as N — +oo:

AV = gppp (V) dt + dBj, ie{l,....,N}

N
1
B,...,BY independent fBm and Y = N E Oxgn-
=1

21/25
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Existence

{dYt =y * (V) dt + dB; (Mek-v)

we = Law(Yy), ¢ > 0.

Theorem
Let v € L>=([0,T];C?%) with

1
0>1—-—.
- H

There exists Y and a family (yit).ef0,7) solution of (McK-V), i.e.:

» forpe[l,00) and a < pLH, w e LP([0,T); BY) ;

» Y is the unique strong solution of the (linear) SDE with drift
U p e L([0, T Cy) ;
» Foranyt >0, u is the law of ;.

22/25



Introduction Regularity of laws of SDEs Gaussian bounds McKean-Vlasov equations

Comments and example

» As H — 0, one can choose 6 as small as desired.
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Comments and example

» As H — 0, one can choose 6 as small as desired.
» For H = % the condition becomes 6 > —1. We recover the best

known condition from the Brownian case given by
[Chaudru de Raynal et al.’24].
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Comments and example
» As H — 0, one can choose 6 as small as desired.
» For H = % the condition becomes 6 > —1. We recover the best
known condition from the Brownian case given by
[Chaudru de Raynal et al.’24].
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For instance in d = 1, one must choose H < 3.

» Example 2: Riesz kernels. If ¢(x) ~ |z|~% for s € (0, d), our result
applies for s < % —1.
~> In particular in d = 2, s = 1 corresponds to Coulombian interaction. In
case H = 1 and the kernel is attractive = Keller-Segel model, which is
known to have blow-ups in certain regimes.
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Comments and example

>

>

As H — 0, one can choose 6 as small as desired.

For H = % the condition becomes 6 > —1. We recover the best
known condition from the Brownian case given by
[Chaudru de Raynal et al.’24].

Example 1: choosing 1) a measure, 1) € C~?, the condition reads
—d>1-+.
For instance in d = 1, one must choose H < 3.

Example 2: Riesz kernels. If ¢(x) ~ || % for s € (0,d), our result
applies for s < % —1.

~> In particular in d = 2, s = 1 corresponds to Coulombian interaction. In
case H = 1 and the kernel is attractive = Keller-Segel model, which is
known to have blow-ups in certain regimes.

» A heuristic scaling argument permits to retrieve the condition

6>1-—+.
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Uniqueness

Theorem

Let H € (0,+00) \N and ¢ € L>*([0,T]; BY) for some 0 € (—o0,1),
p € [1, 00| satisfying
1 d 1

1—— ——>1-=.
0> 5T 0 p> 7

Further assume that L(Yy) € L>(R9). Then pathwise uniqueness and
uniqueness in law hold for (McK-V), in the class of solutions such that

Y*pe LY0,T);C).
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Uniqueness

Theorem

Let H € (0,400) \N and ¢ € L>([0,T]; BY) for some 6 € (—o0, 1),
p € [1, 00| satisfying
1 d 1
l—— 0-">1-—.
0> 5T 0 » > f
Further assume that L(Yy) € L>(R9). Then pathwise uniqueness and

uniqueness in law hold for (McK-V), in the class of solutions such that
Y*pe LY0,T);C).

» The condition 6 — % >1-— % still permits to reach a subcritical
regime, up to working in Besov spaces with p < co.
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Sketch of proof (existence)
» Consider the smooth approximations
t
Ve =Yoo [ () ds + B
0

wi = ‘C(Ytn)ﬂ t >0,

which have a pathwise unique, strong solution for any n € N.
» Apply the density Theorem with ¢ = ¢ = 2,
vy=a+0~1-—1/(2H) which gives us the condition oo < 1/(2H):

11"z e S (&= 8)° + (t =) (4" *M||1+nce+u

1 1
S =9 (L+ Il el o)
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» 7 <1, with an argument borrowed from rough paths, then for
(t— ) small enough, ||p™ ||L2 B S C(t - s)=.
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McKean-Vlasov equations

Sketch of proof (existence)

» Consider the smooth approximations

t

¥y :Yo+/ s un (Y7 ds + B,
0

py =LY, t>0,

which have a pathwise unique, strong solution for any n € N.
» Apply the density Theorem with ¢ = ¢ = 2,

vy=a+6=1-1/(2H) which gives us the condition oo < 1/(2H):

e lzz e S (E—=8)° 4 (¢ = 8)°[[¥" x IIH" o

1 1
S =9 (14105 o157

» 7 <1, with an argument borrowed from rough paths, then for
(t — s) small enough, ||u™ ||L2 B S C(t - s)=.

» Proceed with Kolmogorov's tightness criterion for (Y,,)nen.

» |dentify the limit points as solutions of the McKean-Vlasov equation.
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Time-dependent drift — What scaling ~?

Following the scaling argument of [Galeati & Gerencsér'24], consider
BY = \=HB,, and oM (t,z) = \1=Hp(At, Al z). Then
Xt(’\) = \"TX,, solves
dxX™ = oM, xN)dt + dBM.
Now observe that

—_g_1
oM poer = X775 o) e

As A — 0, we want to keep Al_H_%‘MH bounded, so heuristically,
1
>1—- —.
K Hq'

Theorem ([Galeati & Gerencsér'24])
Strong WP holds for (E) when ¢ € L'CY withy > 1— g~ and ¢’ > 2. J
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Elements of proof 1/3

Lemma
Assume (A), v < 0. Let § € [1,00) and

0§a<min{Hizj,'y—1+%}.

For any f € L7 ([0,T];C;°(R%)) and any 0 < s <t < T,

’/fr ) dr

((t—sraﬂ (lelzs, e + Bl . ><t—s>f).

Sl

25/25



Introduction Regularity of laws of SDEs Gaussian bounds McKean-Vlasov equations

Elements of proof 2/3

Sketch of proof of the Lemma:
We introduce a Sewing Lemma with shifting (deterministic version of
[Gerencser'23]) and control functions.

Llet X = X — B and foru < v <T withu— (v—u) >0,
Auy =E / fr(By + E*~ "W X ) dr

Idea: .At = Efst fr(Xr) d?" ~ ZAuk7uk+1'
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Sketch of proof of the Lemma:
We introduce a Sewing Lemma with shifting (deterministic version of
[Gerencser'23]) and control functions.

Llet X = X — B and foru < v <T withu— (v—u) >0,
Auy =E / fr(By + E*~ "W X ) dr

Idea: A, = Efst fr(Xr)dr = 3 Ay, upsy - In order to verify the
conditions of this sewing lemma, we show that:

1_.om
@) Aol SIAN (v—wa ",

C7OL
w,v]

(b) for £ = kv,
‘Au,'u - Au,& - AE,'Ul

H(y—14 2+ = —a)
< + by e v—u Hq' " Ha .
S (HSOHL[QMU]CW HsoHLz[;uvu]m)HfHLL[;;m]C_Q( )

(c) Foranyt € [0,T], the convergence in probab. of 3= . n pn Am’tnﬁ—l to
i i
E [} fr(X,)dr, V partitions of [0,t] s.t. [TI™| — 0.
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Gaussian bounds McKean-Vlasov equations

Sketch of proof of the Lemma:

We introduce a Sewing Lemma with shifting (deterministic version of
[Gerencser'23]) and control functions.

Let X =X — B and for u < v < T with u — (v —u) >0,
Auy =E / fr(By + E*~ "W X ) dr

Idea: A; = Ef fr(Xr)dr = 3 Ay, upsy - In order to verify the
conditions of this sewmg lemma, we show that:
@) Aol S 7 ooa
[u.v]
(b) for & = “T-H)'

1_
(v —u)d aH

‘Au,'u - Au,§ - AE,'U'

n H(y—1+ 7 + - —a)
Slellpe vt Hsou”' m)l\f\l NN CED) Ao THT Y,
u,v] u,v [u,v]
(c) For any t € [0, T], the convergence in probab. of > .n pn Atﬂ,tﬂ+1
k3 AR
E [} fr(Xr)dr, V partitions of [0,t] s.t. \H"\ — 0.

= B[] f-(0)dr| S Il - (=5

to

ozH+C ( )H(“/*1+ﬁ+ﬁ*a)
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Elements of proof 3/3

Proving (b) boils down to control

€ ~ ~
B[ f B O R) - (B4 BT

::fr(Br)
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Elements of proof 3/3

Proving (b) boils down to control

& ~ ~
‘E/ fo(Br +E*070R,) - f(B + B E0K,) ar
::fr(Br)

» Use that [E“~ €% f,(B,)| = |g,2 * fr (E*~ €% [B,]) | with
o2 =Var(B, | Fu_(e—u) 2 (r —u+ & —u)?" <« use LND!

~
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::fr(Br)

» Use that [E“~ €% f,(B,)| = |g,2 * fr (E*~ €% [B,]) | with
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~

> Thos B~ F (B)| < | flle-nms (r — -+ € — )=+ - use
smoothing of Gaussian kernel.
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Elements of proof 3/3

Proving (b) boils down to control

6 ~ ~
’E/ fo(Br +E*070R,) - f(B + B E0K,) ar

::fr(Br)

» Use that [E“~ €% f,(B,)| = |g,2 * fr (E*~ €% [B,]) | with
o2 =Var(B, | Fu_(e—u) 2 (r —u+ & —u)?" <« use LND!

~

> Thus [E*~(€ f(B,)| S [[fylle-ams (r — ut € —u)~@+DH o~ use
smoothing of Gaussian kernel.

> Now [[fllc-as < I lo—a B~ %, — Eu-(E-0), |

» It remains to control [E*~ (=) X, — E»~(~w X |: using Stochastic
sewing with controls,

_ I 24H
1%, B R, o < Cllglus,_ o + Il )= utw— w0,
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Elements of proof - Conclusion

Denote S, the set of functions f € LE,([U, v];C°) st
Hflqu s

By a den5|ty argument, it is sufficient to take the supremum over
f €Sy, to get

£y o, <€ s | [ (£

ww] 7L fESuw

< C sup ‘IE/ fs(Xs)ds

fESU,U

It remains to use the lemma.
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