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McKean-Vlasov SDEs

{
dXt = b(t,Xt, µt)dt+ σdWt, t > 0,

X0 = ξ

Drift depends on Xt and on µt (law of Xt);

µt mean-field limit, as N → +∞, of the law of each{
dX

(i,N)
t = b(t,X

(i,N)
t , µemp

XN
t
)dt+ σdW i

t ,

X
(i,N)
0 ∼ ξ

1 ≤ i ≤ N

Propagation of chaos [Sznitman, 1991, Méléard, 1996].
Interacting particle system (IPS)
[Antonelli and Kohatsu-Higa, 2002].
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MKV SDEs with separable coefficients

Projection method [Belomestny and Schoenmakers, 2018]{
dXt = γ̄(t)

(
α(t,Xt)dt+ β(t,Xt)dWt

)
, X0 = ξ,

γ̄(t) = E[φ(Xt)],
(1)

with T > 0 fixed time horizon and α : [0, T ]× Rd → RK×d,
β : [0, T ]× Rd → RK×d×q, φ : Rd → RK measurable maps;

Assumption (1)

α, β ∈ Cb([0, T ]× Rd) Lipschitz in space, uniformly in time;

φ Lipschitz and bounded;

ξ ∈ L2.

Assumption (2)

α, β ∈ C1,2
b ([0, T ]× Rd) and φ ∈ C2

b (Rd).
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From a fixed-point equation to a minimization problem

Equivalent fixed-point equation: find γ̄ ∈ C([0, T ],RK) that solves

γ = E[φ(Zγ
· )], (2)

with
dZγ

t = γ(t)
(
α(t, Zγ

t)dt+ β(t, Zγ
t)dWt

)
, Zγ

0 = ξ.

Minimization problem:

γ̄ = E[φ(Z γ̄
· )] ⇐⇒ min

γ∈C([0,T ])
F 2(γ) = F 2(γ̄) = 0,

with

F : C
(
[0, T ],RK

)
→ R, F (γ) := ∥E[φ(Zγ

· )]− γ∥L2([0,T ]).
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Projection on a finite-dimensional domain

Fix g0, · · · , gn ∈ C([0, T ],R) linearly independent and define the
finite-dimensional sub-space of C([0, T ],R)

Sn := {a0g0 + · · ·+ angn : a = (a0, · · · , an) ∈ Rn+1}.

New minimization problem:

min
γ∈C([0,T ])

F 2(γ) ≈ min
p∈Sn

F 2(p) ⇐⇒ min
a∈Rn+1

G(a),

with

G(a) := F 2(La) =
∫ T

0

∣∣E[φ(Za
t)− (La)(t)

]∣∣2dt,
L is a linear lifting operator and Za

t denote the solution to

dZa
t = (La)t

(
α(t, Za

t)dt+ β(t, Za
t)dWt

)
, Za

0 = ξ. (3)
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Heuristics

∂ahG(a) = 2

∫ T

0
⟨E [φ(Za

t )− (La)t] ,E[∂ah(φ(Z
a
t ))− gh(t)]⟩︸ ︷︷ ︸

E[⟨φ(Za
t (W ))−(La)t,∂ah (φ(Z

a
t (W̃ )))−gh(t)⟩]

dt

with W , W̃ independent samples. Formally:

∇aG(a) = E[v(a;W, W̃ )],

with v(a;W, W̃ ) ∈ Rn+1, whose components are given by

vh,j(a;W, W̃ )

:= 2

∫ T

0

〈
φ
(
Za
t (W )

)
− (La)t,∇xφ

(
Za
t (W̃ )

)
Y a;h,j
t (W̃ )− gh(t)

〉
dt,

where Y a := ∇aZ
a by formally differentiating (3) w.r.t. ah,j .
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Algorithm

am+1 := am − ηmvm+1, vm+1 = v(am;Wm+1, W̃m+1), m ∈ N0.

(ηm)m∈N scalars satisfying (Robbins-Monro)
∞∑

m=0

ηm = +∞ and

∞∑
m=0

η2m < +∞.

(Ω̄, F̄ , (F̄m)m∈N, P̄) supporting independent

Brownian samples (Wm)m∈N and (W̃m)m∈N
ξ-samples (ξm)m∈N, (ξ̃m)m∈N

Theorem (Convergence to a stationary point)

Under Assumptions 1 and 2 the map G is differentiable and there
exists an R(n+1)K-valued r.v. a∞ s.t.

lim
m→+∞

am = a∞ P̄-almost surely and ∇aG(a∞) = 0.
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Numerical test: Polynomial drift model

dXt =
(
E[Xt]−XtE[X2

t ] + δXt

)
dt+XtdWt, X0 = x0.

The above is in the form of (1) with K = 3, d = q = 1 and

φ(x) = (x, x2, 1),

α(t, x) = (1,−x, δx)⊤,

β(t, x) = (0, 0, x)⊤.

Benchmark:

Monte Carlo γ̄MC
· = 1

N

∑N
i=1 φ(X

N,i
· ) with 106 particles;

SGD:

Basis of Sn: Lagrange polynomials centered at the Chebyshev
nodes;

Learning rates: ηm = r0
(m+1)ρ , r0 > 0, ρ ∈ (0.5, 1];

Relative error after m iterations: εm :=
∥Lam−γ̄MC∥L2

∥γ̄MC∥L2
< 1%.
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Polynomial drift model: number of iterations and
execution time

Numerical study details:

1000 independent runs of the algorithm;

n = 3, timestep size h = 10−2, x0 = 1 and δ = 0.8;

Monte Carlo benchmark execution time: 2.57 seconds for T = 0.1,
9.78 seconds for T = 0.5, and 19.53 seconds for T = 1.

M = 1 M = 10 M = 100 M = 1000

T = 0.1 258 (0.06) 52.3 (0.02) 31.5 (0.01) 26.9 (0.03)
T = 0.5 3456.7 (3.52) 590.3 (0.72) 131.2 (0.20) 79.7 (0.39)
T = 1.0 4995.9 (9.91) 3582 (8.54) 1003.9 (3.07) 776.8 (8.25)
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Polynomial drift model: plots with M = 1000
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Thank you for your attention!
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