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L_Bismut formula for BSDEs: invertible diffusion

Forward SDE in H

SDE in the Hilbert space H:

dX; = AXidt + B(t, X¢)dt + G(t, Xy)dW,, te[s, T] C|0,T],
X = x, 7 € [0, s]

> A: generator of a Cy semigroup in H
> W;: cylindrical Wiener process in H
» B, G: Lipschitz continuous and differentiable w.r. to x
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Forward SDE in H

SDE in the Hilbert space H:

dX; = AXidt + B(t, X¢)dt + G(t, Xy)dW,, te[s, T] C|0,T],
X = x, 7 € [0, s]

> A: generator of a Cy semigroup in H

> W;: cylindrical Wiener process in H

» B, G: Lipschitz continuous and differentiable w.r. to x

> transition semigroup Ps ¢ : Bp(H) — Bp(H) associated to X:

Ps+f(x) = E[f(X;7)], Vf € By(H), x € H

> G is invertible and |G~ (t, x)| (ym) < C
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Bismut-Elworthy formula for SDEs
o Ps:f € CL(H) if f € CL(H):

((VPstf)(x), hyr = B[VF(XTF) Vi XZh]
= E[VF(X7) (DX, ) 120, 7;0)] = B[(D(F(X

27N Ue) 1200, 7))
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Bismut-Elworthy formula for SDEs
e Ps.f € CL(H) if f € CL(H):
(VPstf)(x), )y = E[VF(X: )V XA
= E[VF (X2 )N DX, Ue) 120, 7;0)] = EUAD(F(XP)), Ue) 12(0,7:1)]
e by an approximation procedure V f € By(H)

(VxPs,f)(x), )

1 t
:E[f(XtX)ts/ (G(r, X)) IV, X% h, dWs) ], te(0,T].
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Bismut-Elworthy formula for SDEs
e Ps.f € CL(H) if f € CL(H):
(VPstf)(x), )y = E[VF(X: )V XA
= E[VF (X2 )N DX, Ue) 120, 7;0)] = EUAD(F(XP)), Ue) 12(0,7:1)]
e by an approximation procedure V f € By(H)

(VxPs,f)(x), )

1 t
:E[f(XtX)ts/ (G(r, X)) IV, X% h, dWs) ], te(0,T].

o[ {(VxPs,tf)(x), b H]
1 t N N C
Sllf\ooE[/ (G(r, X2¥) IV X2 hy dWs) [ < —— || lloo| Al
t—s /s t—s

see e.g. Da Prato-Zabczyk Book 3, ..... Cerrai ...
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BSDE

Backward equation coupled with forward process:

dX; = AXpdt + B(t, X¢)dt + G(t, Xy)dW,, te s, T] C |0, T],

Xs = X, T € [0,s],
—dyt - w(t,Xt, Yt, Zt) dt - Zt th, t e [0, T],
Y1 = ¢(X7),

» the solution of the BSDE is the pair of processes (Y, Z)
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BSDE

Backward equation coupled with forward process:

dX; = AXpdt + B(t, X¢)dt + G(t, Xy)dW,, te s, T] C |0, T],

Xs = X, T € [0,s],
—dyt - w(t,Xt, Yt, Zt) dt - Zt th, t e [0, T],
Y1 = ¢(X7),

» the solution of the BSDE is the pair of processes (Y, Z)
the solution exist under Lipschitz assumptions on 1 in (Y, Z)

> if =0, Y& = E[¢(X3)]
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Connections with Kolmogorv equations

Linear Kolmogorov equation

{ _%(t,x)zﬁtv(t,x), tel0,T], xeH
V(T,X) :¢(X)>

» L:: generator of Py

(Lif)(x) = %(TrG(t,x)G*(t,x)V%)(x) + (Ax, Vf(x))
+ (B(t,x), VI(x)).

> u(t,x) = E[¢(X7*) = Pe,7[¢](x)]
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Connections with (semilinear) Kolmogorv equations

Semilinear Kolmogorov equation

{ —%¥(t,x) = Lov (t,x) + ¥ (t,x, v(t,x), Vv(t,x)G(t,x)), te0,T]
v(T,x) = ¢(x),

> L, as before
-
> u(t,x) = E[p(X7) +/ P(r, XP*, YEX Z5%) dr] defined
via Y from the BSDE
> u(t,x) =Y~
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Bismut—Elworthy Formula (Nonlinear Case)

1 T
ups = / (G(s, X3*) IV X2 hy dW,) .
t

t—s

Under invertibility of G(t,x):

T
VXYtS’Xh =E [/ 1[)(f7er’X7 YrSvX, ZrS’X)Uﬁvsvxdr —+ gZ)(XT)Uf;—’S’X
t
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Bismut—Elworthy Formula (Nonlinear Case)

1 T
Ui = / (G(s, X) IV X7 hy dW,) .
t

Under invertibility of G(t,x):
T
VYE=E | [ ol X VPR ZEUR a4 o(Xr U
t

~ to write VY differentiability of 1) and ¢ is not required
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Bismut—Elworthy Formula (Nonlinear Case)

1 T
ups = / (G(s, X3*) IV X2 hy dW,) .
t

t—s

Under invertibility of G(t,x):
T
VYE=E | [ ol X VPR ZEUR a4 o(Xr U
t

~ to write VY differentiability of 1) and ¢ is not required
» Formula yields a-priori estimates on V, Y™

» Enables definition of solution u(t, x) := Y for nonlinear
Kolmogorov equations

» Regularity of u despite possibly non-differentiable data
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dXt = AXtdt + B(t, Xt)dt + G(t)th, t e [S, T] - [O, T],
X = x, T €[0,s].
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Forward SDE in H

dX; = AXpdt + B(t, X¢)dt + G(t)dW,, te s, T]C |0, T],
X; = x, T €10,s].

> A: generator of a Cy semigroup in H
» W;: cylindrical Wiener process in J: we can have J # H
» B Lipschitz continuous and differentiable w.r. to x,
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Forward SDE in H

dX; = AXpdt + B(t, X¢)dt + G(t)dW,, te s, T]C |0, T],
X; = x, T €10,s].

> A: generator of a Cy semigroup in H

» W;: cylindrical Wiener process in J: we can have J # H

» B Lipschitz continuous and differentiable w.r. to x,
3B : [0, T] x H— G such that B(t,x) = GB(t, x) for every
(t,x) € [0, T] x H.

» The diffusion G is such that eAG(7) € L2(U; H)



Bismut-Elworthy type formulae for BSDEs with degenerate noise
I—Bismut formula for BSDEs: possibly degenerate diffusion

Forward SDE in H

dX; = AXpdt + B(t, X¢)dt + G(t)dW,, te s, T]C |0, T],
X; = x, T €10,s].

> A: generator of a Cy semigroup in H

» W;: cylindrical Wiener process in J: we can have J # H

» B Lipschitz continuous and differentiable w.r. to x,
3B : [0, T] x H— G such that B(t,x) = GB(t, x) for every
(t,x) € [0, T] x H.

» The diffusion G is such that eAG(7) € L2(U; H)

t t
Xt:e(t_s)Ax+/ e(f—f>AB(r,x,)dr+/ e(E=NAG(r)dW,

s S
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Forward SDE in H

dX; = AXpdt + B(t, X¢)dt + G(t)dW,, te s, T]C |0, T],
X; = x, T €10,s].

> A: generator of a Cy semigroup in H

» W;: cylindrical Wiener process in J: we can have J # H

» B Lipschitz continuous and differentiable w.r. to x,
3B : [0, T] x H— G such that B(t,x) = GB(t, x) for every
(t,x) € [0, T] x H.

» The diffusion G is such that eAG(7) € L2(U; H)

t t
Xt:e(t_s)Ax+/ e(f—f>AB(r,x,)dr+/ e(E=NAG(r)dW,

s S

» Derivative of X**: VXXtS’Xh = h, 0 < t < s and satisfies

t
VX h = et==)Ah 1 / (=AY, B(0, X5¥) VXS hdo,
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Malliavin Derivative of X;

X% € LY2(H) and there exists a version of DX s.t.
(D7 X )ee(r, 1) satisfies for 0 <7 <t < T

t
DX = / AT, B(r, XE*) D X dr + 1y (1)l AG(7),

s

DX =0, for0<t<r<T.
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Malliavin Derivative of X;

X% € LY2(H) and there exists a version of DX s.t.
(D7 X )ee(r, 1) satisfies for 0 <7 <t < T

t
DX = / AT, B(r, XE*) D X dr + 1y (1)l AG(7),
DX =0, for0<t<r<T.

and Vi € L2(Q x [0, T]; U)

.
(DX, ) 12(0, 1) :/0 D- X u(r)dr

t t
= / eNAY B(r, XE*)(DXE™, U) 12(0, 7.0y dr + / eIAG(7)i(T)r.

S S
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Classical vs Malliavin derivative
Assume B = 0: LINEAR CASE
VX" h = elt=9)Ap

t
(DXS™, W) 2(0,7:0) = / e(=DAG(T)u(r)dr.

S
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Classical vs Malliavin derivative
Assume B = 0: LINEAR CASE
VX" h = elt=9)Ap

t
(DXS™, W) 2(0,7:0) = / e(=DAG(T)u(r)dr.

S

If we find a family (¢)¢e(s, 7] € L2([0, T]; U) such that for every
t € (s, T] we get

t
/e(tT)AG(T)ﬁt(T)dT:e(tS)Ah, P-a.s,

S

then
VX" h = (DXP™, ) 12(0,7,0)

(Ut)te(sﬂ also depends on s,x and h: Uy = Up s x -
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Bismut—Elworthy Formula (Linear Case)
o P,.[f] € CL(H) if f € CL(H):

(VxPst[f1)(x), Yy = E[VF(XX) V. X7 ]
= E[VF(X™) (DX, Ur) 12(0,7,0)]
= E[(D(f(X{7)), Ut) 20, 70))

chain rule: D(f(X;)) = VFA(XX)DX;™.



Bismut-Elworthy type formulae for BSDEs with degenerate noise
I—Bismut formula for BSDEs: possibly degenerate diffusion

Bismut—Elworthy Formula (Linear Case)
o P,.[f] € CL(H) if f € CL(H):

(VxPs t[f1)(x), hyn = E[VF(XF) VX" H]
= E[VF(X™) (DX, Ur) 12(0,7,0)]
= E[(D(f(X?7)), Ue) 12(0,7;0)]
chain rule: D(f(X;)) = VFA(XX)DX;™.
e If u; € dom(9) integrating by parts

(VxPs [f])(x), Mu = E[f(X)o(u)], ¢ (0, T].
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Bismut—Elworthy Formula (Linear Case)
o P,.[f] € CL(H) if f € CL(H):

(VxPst[f1)(x), Yy = E[VF(XX) V. X7 ]
= E[VF(X™) (DX, Ur) 12(0,7,0)]
= E[(D(f(X{7)), Ut) 20, 70))

chain rule: D(f(X;)) = VFA(XX)DX;™.
e If u; € dom(9) integrating by parts

(VxPs [f])(x), Mu = E[f(X)o(u)], ¢ (0, T].

e by an approximation procedure still valid ¥V f € B,(H)

[{(VxPs e [F1)(x); M ul < ([ lloollUt ] 2o, 77 0)-
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FBSDE

dX; = AXidt + B(t, X;)dt + G(t)dW,, tels, T] C |0, T],
X, = x, T €0, 5],

—dY: =(t, X, Yi, Zt) dt — Zp AWy, t €10, T],

Y1 = ¢(X7),
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FBSDE

dX; = AXidt + B(t, X;)dt + G(t)dW,, tels, T] C |0, T],

X, = x, T €0, 5],
7dYt = 77[1(t,Xt, Yt, Zt) dt —_— Zt th, t 6 [0, T],
Y1 = ¢(X7),

with B(t, X;) = G(t)B(t, X:); if
|w(t7Xaylazl) - ¢(t7xvy2vz2)‘ < Lw (+|)/1 - Y2| + |Zl - 22|)7
(£, x,0,0)] < Ky(1+ [x|7),  [o(x)] < Ky(1+[x]™),
then 3! solution Y, Z s.t.

T 5
1Y oI Zl e = E[ sup mmm(/ rzswzds) < C(1+X™)
s€[0,T] 0
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Bismut Formula for FBSDE

Assume that G(t) = GG(t), G € L(U,H), G: U — U

~ Cllh
b, ,r | 12(5,r; 1) < 50 [ Q;’a, 0<s<r<T,ac(01)
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Bismut Formula for FBSDE

Assume that G(t) = GG(t), G € L(U,H), G: U — U

Cllhll#

||Uh757X7FHL2(s,r H) = (r S)ON 0<s<r< T? o€ (07 1)

ot
Assume/ e(t_T)AG(T)’J;LS’XJ(T)dT = e(t=5)Ap,
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Bismut Formula for FBSDE

Assume that G(t) = GG(t), G € L(U,H), G: U — U

~ Cllh
||uh,$,X7I’HL2(s,r;H) < (r[!)ﬁ;, 0<s<r<T, ac (0, 1)

ot
Assume/ e(t_T)AG(T)Uh’S’X’t(T)dT = e(t=5)Ap,

Bismut formula
T r
E [(VX Yts’x, h>] = E/ W (r, X2, Y2, Z,S’X)/ (Hh,s,x,,(a), dW,)y dr
t
T B r °
+E/ Z,B(r,er’X)/ (Un,sx,r(0), dWs)ydr
t s

LE [qﬁ(x;“) / lnonr(o). dvva>u] |
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|dea of the proof

> $,1 and B differentiable with respect to x,y and z.
» B =0. BSDE in integral form: for t € [s, T]

T T
YoX = / D(r, XPX, Y, ZE%) dr + / Z, dW, + ¢(X3)
t t

> Ve s, T], €€ H, (t,€) — Y is deterministic: set
v(t,€) = Y5, ZPS = (t,€)

» Use the Markov property and

(VX5 h) = / Dy X Tnsxr(0)do, 1€ (s, T]

S
Do Y = Dyv(r, X7) = Vev(r, X7) D X2
Do Z7 = Dyv(r, X3™) = Vev(r, X2™) Do X2
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|dea of the proof Il

> we get
]
E(V, Y5, h) = E(X3Y) / (Thsn.7(0), AW, )0
S

T r
+E / B(r, X5, Y3, Z5%) / (Tnsnr(0), W, ) ydr
t 5
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|dea of the proof Il

> we get
]
E(V, Y5, h) = E(X3Y) / (Thsn.7(0), AW, )0
S

T r
+E / B(r, X5, Y3, Z5%) / (Tnsnr(0), W, ) ydr
t 5

C(A + [x[™)[hlH

Y2 R <
I A o T

sel0,T), ae U.
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|dea of the proof IlI

t
> if B#0weset P:= WP and W, = W, —|—/ B(s, X**) ds.
0

T _ 1 T 5
\U::exp{/ <B(r,er’X),dW,>U—2/ |B(r XSXHUds},
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|dea of the proof IlI

~ —~ t -_—
> if B#0wesetP:=VPand W; = Wt—i—/ B(s, X**) ds.
0
T _ 1 T _ 5
V= exp{/s (B(r, X ),dW,>U—2/5 B (r, X> )HUds},

» under P the FBSDE can be written as

dX; = AX,dt + G(t)d W,

X = X,

—dY, = (t, Xe, Ye, Ze) dt + Z:B(t, X)) dt — Z, dW,
Y7 = ¢(X7).



Bismut formula for BSDEs: invertible diffusion

Bismut formula for BSDEs: possibly degenerate diffusion

Applications

Perspectives and Bibliography



Bismut-Elworthy type formulae for BSDEs with degenerate noise
I—Applications

Abstract Stochastic Wave Equation

crucial point: find (Up s t)ee(s, 7] © L2([0, T]; U) st. Vit € (s, T]

t
/e(t_T)AG(T)ﬁt(T)dT—e(t_S)Ah, P-a.s,

S

Stochastic wave equation

Zy(r,€) = ag2y(T €) + W (r,€),
y(7,0) =y (7, )—0
}/(0,5) = Xo (5)7 or (0 E) =X1 (5) TE (07 T]a §€ [07 1]7



Bismut-Elworthy type formulae for BSDEs with degenerate noise
I—Appli::aticvns
Abstract Stochastic Wave Equation

L (t) = Ay(t) + o W(t),
¥ (0) = xo,

dy

7(0) =x1, te& (0, T],
A:<O I\ .

p 0 ) inH= H(0.1D) x (0= DN x U
A positive self-adjoint operator on U

dXP™ = AXPXdt 4+ GdW,, t € [0, T], X0  =xe H:=Ux V'
H vs H = V x U: the operators Q. =

eAGG* e ds,
0
are of trace class from H into H but not from H into H

0 ~ . .
Gu = <Gu) , G invertible

T >0,
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Directional differentiability

» F: H — R s differentiable along H =V x U C H if
F(x + sk) — F(x)

lim = ViF(x) = (V*F(x), k), ke H
s—0 S
) . ) ) 0

» Differentiability along the direction Jb = ( b ) € H CH,

beU J:U—H

ViF(x) =V pF(x), be U, xeH,
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Wave transition semigroup

P:[f], t > 0, f € Bp(H) wave transition semigroup applied to f.
VkeM I ue LA x[0,T];U) such that

Vi(Pf(x) = (VP F)(x), >H—E[f(XX)/O usdWs]
and for k e H

(VPP (x), k)l < 1tg/zl\flloo
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I—Applicaticvns

Wave transition semigroup

P:[f], t > 0, f € Bp(H) wave transition semigroup applied to f.
VkeM I ue LA x[0,T];U) such that

Vi(Pf(x) = (VP F)(x), >H—E[f(XX)/O usdWs]
and for k e H

(VPP (x), k)l < 1tg/zl\flloo

Moreover if h = Jb = ( 0

b ) then

(VPP (), )l = [V (PelfN) ()] < tTC/QHfHoo
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Proof of differentiability for the wave transition semigroup

t
/ et =IAGU(r)dr = et=94h,  P-as,
S

consider h = Z € V x U and set

u(s) =G pi(s) + G Tpy(s) e U

where
P1(s) =De(s)[-AY? sin(AY2s)a + cos(AY2s)b],
P2(s) =P¢(s)[cos(AY?s)a + AL2 sin(AY2s)b],
and
bo(s) = = 5)° seo,.



i well defined in U G € L(U, U) and both 11 (s), ¢(s) € U.



i well defined in U G € L(U, U) and both 11 (s), ¢(s) € U.
®(0) = &(t) = ¢(0) = '(t) =0, |®l20.) = 1, |®(s)| < C57*
and |®(s)] < Cs—2
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Going on with the proof

i well defined in U Gt € L(U, U) and both P1(s), ¥5(s) e U
®(0) = &(t) = ¢'(0) = ¢'(t) = 0, [[®l20,0) = 1, [®(s)| < C57*
and |®(s)| < Cs2

t
/ e(t=9)AG(s)ds

0
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Going on with the proof

L2-norm of & in Q x (0, t). We have

_ t t
010y <218 ([ Tea(odods+ [ wats)fos)
<2€)G o (£2(AY2af} + [b3) + £ (N 2af + [bfF)

’V‘hﬁ/xU
SR

since a € V = A"1/2(U), that |AY23a|y = |a|y and that

)

A cu = laly, + (bl
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Going on with the proof

L2-norm of & in Q x (0, t). We have

_ t t
010y <218 ([ Tea(odods+ [ wats)fos)
<2€)G o (£2(AY2af} + [b3) + £ (N 2af + [bfF)

7 ‘hﬁ/xU
<M 3
since a € V = A"1/2(U), that |AY23a|y = |a|y and that

0
R = 137, + I 11 =

)

b € H with b € U, then arguing

as above we get
~ [blu

18 Z2(0.e50) < M=

foe someM > 0
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Conclusions and future developments

Up to now we have considered

» Bismut—Elworthy formulae for evolution equations with
degenerate noise

» Wave equations and damped wave equations
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Up to now we have considered

» Bismut—Elworthy formulae for evolution equations with
degenerate noise

» Wave equations and damped wave equations

» Non linear case ~» framework suitable for further applications
in stochastic control.

future work

» study the quadratic case: ¥ in the BSDE with quadratic
growth w.r. to Z

» consider multiplicative noise
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