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Bismut-Elworthy type formulae for BSDEs with degenerate noise

Bismut formula for BSDEs: invertible diffusion

Forward SDE in H

SDE in the Hilbert space H:{
dXt = AXtdt + B(t,Xt)dt + G (t,Xt)dWt , t ∈ [s,T ] ⊂ [0,T ],

Xτ = x , τ ∈ [0, s]

▶ A: generator of a C0 semigroup in H

▶ Wt : cylindrical Wiener process in H

▶ B, G : Lipschitz continuous and differentiable w.r. to x

▶ transition semigroup Ps,t : Bb(H) → Bb(H) associated to X :

Ps,t f (x) = E[f (X s,x
t )], ∀f ∈ Bb(H), x ∈ H

▶ G is invertible and |G−1(t, x)|L(H,H) ≤ C
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Bismut formula for BSDEs: invertible diffusion

Bismut-Elworthy formula for SDEs

• Ps,t f ∈ C 1
b (H) if f ∈ C 1

b (H):

⟨(∇Ps,t f )(x), h⟩H = E[∇f (X s,x
t )∇xX

x
t h]

= E[∇f (X s,x
t )⟨DX s,x

t , ũt⟩L2(0,T ;U)] = E[⟨D(f (X s,x
t )), ũt⟩L2(0,T ;H)]

• by an approximation procedure ∀ f ∈ Bb(H)

⟨(∇xPs,t f )(x), h⟩H

=E[f (X x
t )

1

t − s

∫ t

s

〈
G (r ,X s,x

r )−1∇xX
s,x
r h, dWs

〉
.], t ∈ (0,T ].

•|⟨(∇xPs,t f )(x), h⟩H |

≤∥f ∥∞E[| 1

t − s

∫ t

s

〈
G (r ,X s,x

r )−1∇xX
s,x
r h, dWs

〉
|] ≤ C

t − s
∥f ∥∞|h|H

see e.g. Da Prato-Zabczyk Book 3, .....Cerrai ...
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Bismut formula for BSDEs: invertible diffusion

BSDE

Backward equation coupled with forward process:
dXt = AXtdt + B(t,Xt)dt + G (t,Xt)dWt , t ∈ [s,T ] ⊂ [0,T ],

Xs = x , τ ∈ [0, s],

−dYt = ψ(t,Xt ,Yt ,Zt) dt − Zt dWt , t ∈ [0,T ],

YT = ϕ(XT ),

▶ the solution of the BSDE is the pair of processes (Y ,Z )

the solution exist under Lipschitz assumptions on ψ in (Y ,Z )

▶ if ψ ≡ 0, Y s,x
t = E[ϕ(X s,x

T )]



Bismut-Elworthy type formulae for BSDEs with degenerate noise

Bismut formula for BSDEs: invertible diffusion

BSDE

Backward equation coupled with forward process:
dXt = AXtdt + B(t,Xt)dt + G (t,Xt)dWt , t ∈ [s,T ] ⊂ [0,T ],

Xs = x , τ ∈ [0, s],

−dYt = ψ(t,Xt ,Yt ,Zt) dt − Zt dWt , t ∈ [0,T ],

YT = ϕ(XT ),

▶ the solution of the BSDE is the pair of processes (Y ,Z )
the solution exist under Lipschitz assumptions on ψ in (Y ,Z )

▶ if ψ ≡ 0, Y s,x
t = E[ϕ(X s,x

T )]



Bismut-Elworthy type formulae for BSDEs with degenerate noise

Bismut formula for BSDEs: invertible diffusion

Connections with Kolmogorv equations

Linear Kolmogorov equation{
−∂v
∂t (t, x) = Ltv (t, x) , t ∈ [0,T ] , x ∈ H

v(T , x) = ϕ (x) ,

▶ Lt : generator of Pt,·

(Lt f )(x) =
1

2
(TrG (t, x)G ∗(t, x)∇2f )(x) + ⟨Ax ,∇f (x)⟩

+ ⟨B(t, x),∇f (x)⟩.

▶ u(t, x) = E[ϕ(X t,x
T ) = Pt,T [ϕ](x)]
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Bismut formula for BSDEs: invertible diffusion

Connections with (semilinear) Kolmogorv equations

Semilinear Kolmogorov equation{
−∂v
∂t (t, x) = Ltv (t, x) + ψ (t, x , v(t, x),∇v(t, x)G (t, x)) , t ∈ [0,T ] , x ∈ H

v(T , x) = ϕ (x) ,

▶ Lt as before

▶ u(t, x) = E[ϕ(X t,x
T ) +

∫ T

t
ψ(r ,X t,x

r ,Y t,x
r ,Z t,x

r ) dr ] defined

via Y from the BSDE

▶ u(t, x) := Y t,x
t
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Bismut formula for BSDEs: invertible diffusion

Bismut–Elworthy Formula (Nonlinear Case)

Uh,s,x
t =

1

t − s

∫ τ

t

〈
G (s,X s,x

r )−1∇xX
s,x
r h, dWr

〉
.

Under invertibility of G (t, x):

∇xY
s,x
t h = E

[∫ T

t
ψ(r ,X s,x

r ,Y s,x
r ,Z s,x

r )Uh,s,x
r dr + ϕ(XT )U

h,s,x
T

]

⇝ to write ∇Y differentiability of ψ and ϕ is not required

▶ Formula yields a-priori estimates on ∇xY
s,x
t

▶ Enables definition of solution u(t, x) := Y t,x
t for nonlinear

Kolmogorov equations

▶ Regularity of u despite possibly non-differentiable data
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Bismut formula for BSDEs: possibly degenerate diffusion

Forward SDE in H{
dXt = AXtdt + B(t,Xt)dt + G (t)dWt , t ∈ [s,T ] ⊂ [0,T ],

Xτ = x , τ ∈ [0, s].

▶ A: generator of a C0 semigroup in H
▶ Wt : cylindrical Wiener process in J: we can have J ̸= H
▶ B Lipschitz continuous and differentiable w.r. to x ,

∃ B̄ : [0,T ]× H → G such that B(t, x) = GB̄(t, x) for every
(t, x) ∈ [0,T ]× H.

▶ The diffusion G is such that etAG (τ) ∈ L2(U;H)

Xt = e(t−s)Ax +

∫ t

s
e(t−r)AB(r ,Xr )dr +

∫ t

s
e(t−r)AG (r)dWr

▶ Derivative of X s,x : ∇xX
s,x
t h = h, 0 ≤ t ≤ s and satisfies

∇xX
s,x
t h = e(t−s)Ah +

∫ t

s
e(t−σ)A∇xB(σ,X

s,x
σ )∇xX

s,x
σ hdσ,
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Bismut formula for BSDEs: possibly degenerate diffusion

Malliavin Derivative of Xt

X s,x ∈ L1,2(H) and there exists a version of DX s,x s.t.
(DτX

s,x
t )t∈(τ,T ] satisfies for 0 ≤ τ < t ≤ T

DτX
s,x
t =

∫ t

s
e(t−r)A∇xB(r ,X

s,x
r )DτX

s,x
r dr + 1[s,t](τ)e

(t−τ)AG (τ),

DτX
s,x
t = 0, for 0 ≤ t ≤ τ < T .

and ∀ ũ ∈ L2(Ω× [0,T ];U)

⟨DX s,x
t , ũ⟩L2(0,T ;U) =

∫ T

0
DτX

s,x
t ũ(τ)dτ

=

∫ t

s
e(t−r)A∇xB(r ,X

s,x
r )⟨DX s,x

r , ũ⟩L2(0,T ;U)dr +

∫ t

s
e(t−τ)AG (τ)ũ(τ)τ.
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Bismut formula for BSDEs: possibly degenerate diffusion

Classical vs Malliavin derivative

Assume B = 0: LINEAR CASE

∇xX
s,x
t h = e(t−s)Ah

⟨DX s,x
t , ũ⟩L2(0,T ;U) =

∫ t

s
e(t−τ)AG (τ)ũ(τ)dr .

If we find a family (ũt)t∈(s,T ] ⊆ L2([0,T ];U) such that for every
t ∈ (s,T ] we get∫ t

s
e(t−τ)AG (τ)ũt(τ)dτ = e(t−s)Ah, P-a.s,

then
∇xX

s,x
t h = ⟨DX s,x

t , ũt⟩L2(0,T ;U)

(ũt)t∈(s,T ] also depends on s, x and h: ũt = ũh,s,x ,t .
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Bismut formula for BSDEs: possibly degenerate diffusion

Bismut–Elworthy Formula (Linear Case)

• Ps,t [f ] ∈ C 1
b (H) if f ∈ C 1

b (H):

⟨(∇xPs,t [f ])(x), h⟩H = E[∇f (X x
t )∇xX

s,x
t h]

= E[∇f (X s,x
t )⟨DX s,x

t , ũt⟩L2(0,T ;U)]

= E[⟨D(f (X s,x
t )), ũt⟩L2(0,T ;U)]

chain rule: D(f (X s,x
t )) = ∇f (X x

t )DX
s,x
t .

• If ũt ∈ dom(δ) integrating by parts

⟨(∇xPs,t [f ])(x), h⟩H = E[f (X x
t )δ(ũt)], t ∈ (0,T ].

• by an approximation procedure still valid ∀ f ∈ Bb(H)

|⟨(∇xPs,t [f ])(x), h⟩H | ≤ ∥f ∥∞∥ũt∥L2([0,T ];U).
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t )) = ∇f (X x

t )DX
s,x
t .

• If ũt ∈ dom(δ) integrating by parts

⟨(∇xPs,t [f ])(x), h⟩H = E[f (X x
t )δ(ũt)], t ∈ (0,T ].

• by an approximation procedure still valid ∀ f ∈ Bb(H)

|⟨(∇xPs,t [f ])(x), h⟩H | ≤ ∥f ∥∞∥ũt∥L2([0,T ];U).
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Bismut formula for BSDEs: possibly degenerate diffusion

FBSDE


dXt = AXtdt + B(t,Xt)dt + G (t)dWt , t ∈ [s,T ] ⊂ [0,T ],

Xτ = x , τ ∈ [0, s],

−dYt = ψ(t,Xt ,Yt ,Zt) dt − Zt dWt , t ∈ [0,T ],

YT = ϕ(XT ),

with B(t,Xt) = G (t)B̄(t,Xt); if

|ψ(t, x , y1, z1)− ψ(t, x , y2, z2)| ≤ Lψ (+|y1 − y2|+ |z1 − z2|) ,
|ψ(t, x , 0, 0)| ≤ Kψ(1 + |x |m), |ϕ(x)| ≤ Kϕ(1 + |x |m),

then ∃ ! solution Y ,Z s.t.

∥Y ∥Sp+∥Z∥Mp := E[ sup
s∈[0,T ]

|Ys |p]+E
(∫ T

0
|Zs |2ds

) p
2

≤ C (1+|x |m)
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Bismut formula for BSDEs: possibly degenerate diffusion

Bismut Formula for FBSDE

Assume that G (t) = GG̃ (t), G ∈ L(U,H), G̃ : U → U

∥ũh,s,x ,r∥L2(s,r ;H) ≤
C∥h∥H
(r − s)α

, 0 ≤ s < r < T , α ∈ (0, 1)

Assume

∫ t

s
e(t−τ)AG (τ)ũh,s,x ,t(τ)dτ = e(t−s)Ah,

Bismut formula

E
[
⟨∇x Y

s,x
t , h⟩

]
= E

∫ T

t
ψ (r ,X s,x

r ,Y s,x
r ,Z s,x

r )

∫ r

s
⟨ũh,s,x ,r (σ), dWσ⟩U dr

+ E
∫ T

t
Zr B̄(r ,X

s,x
r )

∫ r

s
⟨ũh,s,x ,r (σ), dWσ⟩Udr

+ E
[
ϕ(X s,x

T )

∫ T

s
⟨ũh,s,x ,T (σ), dWσ⟩U

]
.
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Bismut formula for BSDEs: possibly degenerate diffusion

Idea of the proof

▶ ϕ, ψ and B̄ differentiable with respect to x , y and z .
▶ B̄ = 0. BSDE in integral form: for t ∈ [s,T ]

Y s,x
t =

∫ T

t
ψ(r ,X s,x

r ,Y s,x
r ,Z s,x

r ) dr +

∫ T

t
Zr dWr + ϕ(X s,x

T )

▶ ∀t ∈ [s,T ], ξ ∈ H, (t, ξ) 7→ Y t,ξ
t is deterministic: set

v(t, ξ) := Y t,ξ
t , Z t,ξ

t := v̄(t, ξ)

▶ Use the Markov property and

⟨∇xX
s,x
r , h⟩ =

∫ r

s
DσX

s,x
r ũh,s,x ,r (σ)dσ, r ∈ (s,T ]

DσY
s,x
r = Dσv(r ,X

s,x
r ) = ∇ξv(r ,X

s,x
r )DσX

s,x
r

DσZ
s,x
r = Dσ v̄(r ,X

s,x
r ) = ∇ξ v̄(r ,X

s,x
r )DσX

s,x
r
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Bismut formula for BSDEs: possibly degenerate diffusion

Idea of the proof II

▶ we get

E⟨∇xY
s,x
t , h⟩ = Eϕ(X s,x

T )

∫ T

s
⟨ũh,s,x ,T (σ), dWσ⟩U

+ E
∫ T

t
ψ(r ,X s,x

r ,Y s,x
r ,Z s,x

r )

∫ r

s
⟨ũh,s,x ,r (σ), dWσ⟩Udr

▶

|⟨∇xY
s,x
s , h⟩| ≤ C (1 + |x |m)|h|H

(T − s)α
, s ∈ [0,T ), a ∈ U.
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Bismut formula for BSDEs: possibly degenerate diffusion

Idea of the proof III

▶ if B̄ ̸= 0 we set P̃ := ΨP and W̃t = Wt +

∫ t

0
B̄(s,X s,x) ds.

Ψ := exp

{∫ T

s

〈
B̄ (r ,X s,x

r ) , dWr

〉
U
− 1

2

∫ T

s

∥∥B̄ (r ,X s,x
r )

∥∥2
U
ds

}
,

▶ under P̃ the FBSDE can be written as
dXt = AXtdt + G (t)dW̃t ,

Xτ = x ,

−dYt = ψ(t,Xt ,Yt ,Zt) dt + ZtB̄(t,Xt) dt − Zt dW̃t ,

YT = ϕ(XT ).
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Applications

Abstract Stochastic Wave Equation

crucial point: find (ũh,s,x ,t)t∈(s,T ] ⊆ L2([0,T ];U) s.t. ∀ t ∈ (s,T ]∫ t

s
e(t−τ)AG (τ)ũt(τ)dτ = e(t−s)Ah, P-a.s,

Stochastic wave equation
∂2

∂τ2
y (τ, ξ) = ∂2

∂ξ2
y (τ, ξ) + Ẇ (τ, ξ) ,

y (τ, 0) = y (τ, 1) = 0,

y (0, ξ) = x0 (ξ) ,
∂y
∂τ (0, ξ) = x1 (ξ) , τ ∈ (0,T ], ξ ∈ [0, 1],
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Applications

Abstract Stochastic Wave Equation


d2y
dt2

(t) = Λy(t) + σẆ (t),
y (0) = x0,
dy
dt (0) = x1, t ∈ (0,T ],

A =

(
0 I
−Λ 0

)
in H = H1

0 ([0, 1])× L2([0, 1])= D(Λ1/2)× U

Λ positive self-adjoint operator on U

dX 0,x
t = AX 0,x

t dt + GdWt , t ∈ [0,T ] , X 0,x
0 = x ∈ H := U × V ′,

H vs H = V × U: the operators Qτ =

∫ τ

0
esAGG ∗esA

∗
ds, τ ≥ 0,

are of trace class from H into H but not from H into H

Gu :=

(
0

G̃u

)
, G̃ invertible
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Applications

Directional differentiability

▶ F : H → R s differentiable along H = V × U ⊆ H if

lim
s→0

F (x + sk)− F (x)

s
:= ∇kF (x) = ⟨∇HF (x), k⟩H, k ∈ H

▶ Differentiability along the direction Jb =
( 0

b

)
∈ H ⊆ H,

b ∈ U, J : U → H

∇J
bF (x) = ∇JbF (x), b ∈ U, x ∈ H,
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Applications

Wave transition semigroup

Pt [f ], t > 0, f ∈ Bb(H) wave transition semigroup applied to f .
∀ k ∈ H ∃ ũ ∈ L2P(Ω× [0,T ];U) such that

∇k(Pt [f ])(x) = ⟨∇H(Pt [f ])(x), k⟩H = E[f (X x
t )

∫ t

0
ũsdWs ]

and for k ∈ H

|⟨∇H(Pt [f ])(x), k⟩H| ≤
c

t3/2
∥f ∥∞

Moreover if h = Jb =
( 0

b

)
then

|⟨∇H(Pt [f ])(x), ⟩H| = |∇J
b(Pt [f ])(x)| ≤

c

t1/2
∥f ∥∞
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Applications

Proof of differentiability for the wave transition semigroup

∫ t

s
e(t−r)AGũ(r)dr = e(t−s)Ah, P-a.s.,

consider h =

(
a
b

)
∈ V × U and set

ũ(s) =G̃−1ψ1(s) + G̃−1ψ′
2(s) ∈ U

where

ψ1(s) =Φt(s)[−Λ1/2 sin(Λ1/2s)a+ cos(Λ1/2s)b],

ψ2(s) =Φt(s)[cos(Λ
1/2s)a+

1

Λ1/2
sin(Λ1/2s)b],

and

Φt(s) =
s2(t − s)2∫ t

0
r2(t − r)2dr

s ∈ [0, t].
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Applications

Going on with the proof

ũ well defined in U G̃−1 ∈ L(U,U) and both ψ1(s), ψ
′
2(s) ∈ U.

Φ(0) = Φ(t) = Φ′(0) = Φ′(t) = 0, ∥Φ∥L1(0,t) = 1, |Φ(s)| ≤ Cs−1

and |Φ(s)| ≤ Cs−2∫ t

0
e(t−s)AGũ(s)ds

=

∫ t

0
e(t−s)A

(
0

ψ1(s)

)
ds +

∫ t

0
e(t−s)A

(
0

ψ′
2(s)

)
ds

=

∫ t

0
e(t−s)A

(
0

ψ1(s)

)
ds +

∫ t

0
e(t−s)AA

(
0

ψ2(s)

)
ds

=

∫ t

0
e(t−s)A

(
ψ2(s)
ψ1(s)

)
ds =

∫ t

0
e(t−s)AesAhΦ(s)ds

=etAh
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Applications

Going on with the proof

L2-norm of ũ in Ω× (0, t). We have

∥ũ∥2L2((0,t);U) ≤2∥G̃−1∥∞
(∫ t

0
|ψ1(s)|2Uds +

∫ t

0
|ψ′

2(s)|2Uds
)

≤2C̃∥G̃−1∥∞
(
t−1(|Λ1/2a|2U + |b|2U) + t−3(|Λ1/2a|2U + |b|2U)

)
≤M̃

|h|2V×U

t3
,

since a ∈ V = Λ−1/2(U), that |Λ1/2a|U = |a|V and that

|h|2V×U = |a|2V + |b|2U .

If h =

(
0
b

)
∈ H with b ∈ U, then arguing

as above we get

∥ũ∥2L2((0,t);U) ≤ M̃
|b|U
t
,

foe someM̃ > 0
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Conclusions and future developments

Up to now we have considered

▶ Bismut–Elworthy formulae for evolution equations with
degenerate noise

▶ Wave equations and damped wave equations

▶ Non linear case ⇝ framework suitable for further applications
in stochastic control.

future work

▶ study the quadratic case: ψ in the BSDE with quadratic
growth w.r. to Z

▶ consider multiplicative noise
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with Hölder continuous drift,
arXiv:2308.05415.

Addona, M
Bismut-Elworthy type formulae for BSDEs with degenerate
noise, work in progress.

Fuhrman, Tessitore
The Bismut-Elworthy formula for backward SDEs and
applications to nonlinear Kolmogorov equations and control in
infinite dimensional spaces.
Stoch. Stoch. Rep., 74 (1-2) (2002), 429–464.

M, Priola
Partial smoothing of the stochastic wave equation and
regularization by noise phenomena
J. Theoret. Probab. 37 (2024), no. 3, 2738–2774.



Bismut-Elworthy type formulae for BSDEs with degenerate noise

Perspectives and Bibliography

Thank you for your time!
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