Rotational invariance of an integration by parts

formula and Lie symmetries of SDEs

Susanna Deho

The stochastic rotational invariance of an integration by parts formula! inspired by the
Bismut approach to Malliavin calculus is proved in the framework of the Lie symmetry
theory of stochastic differential equations?. A new class of symmetries for an SDE is
also introduced and discussed, which turns out to be the most general notion of
invariance under which the integration by parts formula holds.

Joint work with F.C. De Vecchi, P. Morando, S. Ugolini.
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Stochastic transformations

De Vecchi, F. C., Morando, P., and Ugolini, S. (2020). Symmetries of stochastic differential equations

using Girsanov transformations. Journal of Physics A: Mathematical and Theoretical.

Diffeomorphisms @ : R” x Ry — R" x Ry

Deterministic time changes f(t) = fg n(s)ds

Random rotations of Brownian motion B : R" x Ry — SO(m)
Girsanov-type changes of measure via h : R™ x R, — R™.

Theorem: structure is preserved

Let T'= (®, B, n, h) be a stochastic transformation, and (X, W)
solution to SDE, , on (2, F,P). Then, Pr(X,W) = (Pr(X), Pr(W))
is a solution to Er(SDE, ;) = SDEg,(u) Er(s) o0 (2, F',Q), where

Pr(X:) = (b(Xf*l(t)); Pr(Wy) = W],‘—l(t); thI = v/n(t)B(X¢,t)(dWi—h(Xy, t)dt);

Br(u) = (%[L(CD) +D(@)oh]) 0@~ Br(o) = (%D(@)UB_l) oL,

where 42 = exp (fOT ha(Xs,s)dWe — 1 fOT(ha(Xs,s))2ds) and F'y = Fp1y).




alc structure of stochastic transformations

Consider the group G given by the semidirect product

((SO(m) x Ry), x) Xy (R™, +) with product law induced by the
homomorphism % : (SO(m) x Ry) — Aut(R™) that maps

(B,ﬂ) = 1,/)(37,7), where 1/1(37,7) ch— ¢(B,n)(h) = \/ﬁBilh.

Study the isomorphisms F' between suitable trivial principal bundles
F:R"xG—-R*xG

There is a natural bijection between the set of stochastic transformations
and the set of isomorphisms between principal bundles M x G, since one
can identify every stochastic transformation T' = (®, B, 7, h) with the
isomorphism F' = Fr s.t.

Fr((z,1),9) = (®(x,1), (B(, t),n(t), h(z, 1)) - g).

In order to define composition and inversion among the set of stochastic
transformations and endow it with a group structure, exploit the

previous correspondence and identify the isomorphisms
Fr, o Fr, = Fr,op, and F' = Fpo1, so that

T2 OTl = (@2 O(I)lg (BQ o @1)B17 (772 Of1)1’]1, 1/771.31_1(}1,2 o @1) + hl)
—1 —1 —1\— —1\— —
Tyt = (@ (Bio®)™h (mofi) ™, —o=Bihio ;)
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Theorem: probabilistic counterpart of the algebraic description

Let T and 7" be two stochastic transformations. Given a weak solution
(X,W) to SDE,, , in the probability space (€2, F,P), then in the probability
space (2, F/,Q) it holds that

Prs o Pr(X,W) = Prior(X,W); Eri 0 Er(p,0) = Erior(p,0)

Transition to Lie algebras

@ The set of principal bundle isomorphisms {Fr}r forms a one-parameter
group indexed by the group of stochastic transformations:
FroFr = Fropr, Fp'=Fpa, Fq=Id

@ This structure transfers to {T»},, as a one-parameter group of stochastic
transformations indexed by (R, +):
Tayire =Th 0Ty, Toa=T5', Tp=1Id

@ The corresponding Lie algebra has elements V' = (Y, C, 7, H) which are
obtained in the usual way:
Y= g3 A=0’ o= %Bk‘xzo’ T %m)x:o’ H= %hA’A:O.

We refer to such a quadruple V = (Y, C, 7, H) as an infinitesimal stochastic
transformation.
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Invariance properties and symmetries of SDEs

A symmetry is a transformation 1" that leaves the SDE invariant.
Within this framework, different notions of invariance give rise to
different notions of symmetry:

e Strong symmetries: The set of strong solutions is preserved
T is a strong transformation and Ep(SDE,,)= SDE, ,
o Weak symmetries: The set of weak solutions is preserved

T is a weak transformation and Ep(SDE,,)= SDE,,
[F.C. De Vecchi, P. Morando, S. Ugolini (2020)]
o G-weak symmetries: The law of the solution process is preserved
Ep(L)=1L

[S. Deho, F.C. De Vecchi, P. Morando, S. Ugolini (2025)]
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Theorem: Finite determining equations

o T'=(®,1,,1,0) is a strong symmetry if and only if
1
o= (—[L((I))]) 0odl, o= (D(<I>)J) o d L,
n
o T'=(®,B,n,h) is a weak symmetry if and only if
y= (1[L(<I)) + D(@)ah]) 0d7l, o= (LD@)UB*) o d 1,
U ’ Vi

o T'=(®,B,n,h)is a G—weak symmetry if and only if

5= (;[L(@)—I—D('@)ah])o@l, gol = (fD(q))UUTD(CIJ)T)oq)*I.




Theorem: Infinitesimal determining equations

e V=(Y,0,,,0,0) is an infinitesimal strong symmetry if and only if

Y(p) - L(Y), [Y,o]=0.
o V= (Y,C,7,H) is an infinitesimal weak symmetry if and only if

1
Y(p)—L(Y)—0cH+1u=0, Y,o] + 570 +0C =0.

o V= (Y,C,7,H) is an infinitesimal G—weak symmetry if and only if

Y(u)—L(Y)—cH+7u=0, [Y,007]+ 7100l =0.




Rotational invariance of the integration by parts formula

The rotation-by-parts formula derived in  is invariant under rotations. The
inclusion of rotations among the considered transformations requires new regularity
assumptions and involves nontrivial modifications to the analytical results needed
for its rigorous derivation.

Hypothesis *: For every solution X; of SDE, , with deterministic initial
conditions,

1 i
UTCQ,QHQ(XM t)7 Ha(Xta t)? Y(Ha)(Xta t)? L(Y )(Xtv t):

S (Y)(Xe, ), LY (Y)) (X0, 8), Ba (Y (V) (X0, ) € L2(B).

Theorem: Integration by Parts Formula

Let V = (Y,C, 7, H) be an infinitesimal symmetry with one-parameter group

T\ = (P, Bx,mr, hy) for SDE, ,, let m(t) = f(f 7(s)ds, and let F' be a bounded
functional with bounded first and second derivatives. Under hypothesis *, we have
that

—m(t)Ep[L(F)(X¢)]+Ep[F(X¢) /Ot(Ha(Xs)dW.g)]"l_E]P’[Y(F)(XtH_]E]P[Y(F)(XO)] =0

v

3De Vecchi, F. C., Morando, P., and Ugolini, S. (2025). Integration by parts formulas and Lie’s
mﬂes of SDEs. Electronic Journal of Probability, 30.



ch of the proof

@ Ep[F(X¢)] = Eq, [F(PTA (X¢))] ( Invariance properties of symmetries);

The addition of B
only causes a vari-

) _ t ) i 2 ation in Pp  (Ws),
Ep[F(X¢)] = Eg, [fo L(F)(Pr, (Xs))ds + 0; (F) (X35 P (Wk)} but the term com

taining it cancels

out.
J
N
ONZ would
dQy fox(®) change with the
o Ep[F(X¢)] =]EP|:W|}-T 0 L(F)°¢A(X57S)f§(5)ds (o). addition of B,
but it is evaluated
Zx at A = 0 and
Bo =Im.

by time change, definition of PT)\ (X¢) and Radon-Nikodym theorem. Deriving (o) with respect to A and
evaluating the result in A\ = 0 we get

0 =Bp [ JT Ha(X0)dWS [§ LF)(Xs)ds| — m(Bp[L(F)(Xo)] + Be [ J§ Y (E(F)(Xs)ds] +Ep [ [§ () L(F)(X,)ds]
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G-weak symmetries and invariance under rotation

11 /

@ Since Brownian motion is rotational-invariant, given a smooth

function B : R™ x Ry — SO(m) and a weak solution (X, W) to
SDE,LU, then (X, W') is a weak solution to SDE, ,p-1, where

= Ji B(X. )W
The 1nclu81on of the Brownian motion rotations among the class of
admissible random transformations of an SDE implies that the law
of a solution to SDE, , is no longer identified by coefficients (u, o)
but by the whole family

gau.ge(SDEH,G) = (SDE;L,O'B_I )BGSO(m)

The novel notion of G-weak symmetry encodes this invariance
property and shifts the focus from the weak solution (X, W) to the
diffusion process X associated with the martingale problem

(p, 00T). Moreover, it represents the most general symmetry
concept under which the integration by parts formula remains

valid.
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Example: 2-dimensional Brownian motion

Consider a 2-dimensional Brownian motion, obeying the SDE

ax, 0 10 .
av, | =(o|at+ |0 1 <Z$§>
az, 1 00 t
~——
n o

where the trivial extra component Z represents the evolution of time. Solving
the infinitesimal determining equations, we find two infinite-dimensional
families of symmetries V,, and Vj:

e (B0 0 ()

(z)d
v ??x (8 )0 ()

related respectively to the random time and the random rotation invariance of
Brownian motion and depending on arbitrary functions of time a and .
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@ If B(t) € SO(m), then W/ = fot B(t)dWy is still a P—Brownian motion.
The symmetry Vg provides a generalization of the previous classical result, considering the process
V~V1, = B(t)W¢. Since Wt, is already a P-Brownian motion, W is still a Brownian motion with
respect to a new probability measure Q, whose Radon-Nikodym density is given by

%‘}} = exp < — [Ct. B’ (s)Ws - dWs — % fOT | B’ (s) - W5|2ds>. Indeed,

AWy = d(B(t)Wy) = B(t)dWs + B’ (t)Widt = B(t)dWy — (—B' (t)Wi)dt = dW] — (=B’ (t)Wy) dt.
NN
h

@ Symmetry Vp encodes this invariance property. Indeed, from classical Lie theory tools (flow
reconstruction), Vg is related to a finite transformation T\ = (@, Bx,nx, hy) where

cos(B(2)A) -z + sin(B(z)A) -y in(B(z o .
Py = (* sin(B(2z)A) - & + cos(B(z)A) - y) ; By = (fz‘sﬁﬁgzi\i) :osﬁg((z))ig) iMa = Lihy = ( Bﬁléj);\ Iy) .

Since V3 is a symmetry, by construction we have that (PTA (X, W)) solves the same SDE as
(X, W), that is

cos(BA) - Xt + sin(BN) - Y
d —sin(BA)  cos(B) dwtz B’ Xcos(BA) - Xt + B/ Asin(BA) - Yy
0 0 t 1

cos(BA) sin(BA) awl B'Asin(BA) - Xt — B’ Acos(BA) - Y
—sin(BA) - X¢ + cos(BX) - Yi ( ) — dt
Zy

dPp, (X)=dW; dPp, (W)=dW/—hdt

In particular, (X, W) under P has the same law as (PTA (X, W)) under Qy: Pr, (X)=Wisa
Q) —Brownian motion.




The corresponding integration by parts formulas, valid for any arbitrary
functions of time « and [ are:

t 1 5 t 1 / 1, 2
[ atas B[S D2P(x0Y0)] = B2 [F(Xe v [ =2 Ko ()aw] + S vial ()aw?]+
Jo 2 Jo o 2 2

1 1
+]Ep[ga(t)Xt(’?wF(Xt, Yo) + S a()Yedy F(Xe, Yt)},

t
0 = Ep [F(Xt, xm/0 —YaB (2)AW] + X' (2)dWZ] + Bp [B(1) V10 F(X+, Y1) = B(H)Xe0y F (X4, 1))

In particular, by choosing a and S to be nonzero nonzero constants,
we obtain respectively:

t-Bp [02F (X, Yy) + 02F (X0, Y1) | = Be [Xu0, F (X0, Vi) + Vi, F(X0, Y1),

Ee |Yi0, F(X,, Yi)| = Be| X0, F(X,,V7)]

which correspond precisely to Stein’s lemma and Wick’s theorem,
applied to the solution (X¢,Y;) of the SDE above.
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¢ Lotka Volterra model

Consider now the following SDE:

dXt Xt(Of — 51/,5) 5'Xt 0 dWl
Yy | = | Yi(6Xe —v) |dt+ | 0 &Y% ( de) (1)
dZ, 1 0 0 ¢

which can be seen as the well known predator-prey Lotka Volterra model plus
a stochastic noise ( see Arato, M. (2003). Mathematical and Computer Modelling).

Solving the determining equations, we find the following two-infinite
dimensional family of symmetries

a(z)(dx —7v) — 35 a’(z)Iny + ss0a(z)zlnz

ta(z)zlnz 1 - 1 1 1
_( (3 0 0\ .y [—%a(x)d + Fra(x)(a—By) = a'(x)Inz — LBa(z)yny)
= (BEaE) G ) (g Fromgon))

b(z)wlny 0 b(z) —L5b(2) + M(ém — ) — Lb/(z)Iny + Qb(z)ylna:
= — n 2 a & G .
Vo < ( b(z?)yl ;c) ’ (7b(z) 0 ) 0 < %&b(z) — @(a — By) + éb/(z)lnx + %b(z):vlny > >
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We obtain the following integration by parts formulas for V,

=22 =22

a Xt G Yt
— [ a(2)dBe (Xt (o — BV Fa (Xt Vi) + Ve (5Xs = 9) By (Xe, ¥o) + T P (X, vi) +

Fyyl+

a(s)o n ﬂ

. (e = pY) - %a'(s) In(X.) — %[«:a(s)ys In(Ys))dwl +

+Ep [F(Xt,Yt)_/Ot (*

(- als)e | a(s) (6Xs — ) — ia () In(Ys) + faa(s)xé In(Xs ))}

4
+Ep[ﬁxt In(Xy) Fy (Xt, Y2) + Qyt In(Y:)Fy (Xe, Y2)+
_]EIP’[QXt In(X¢) Fz (X0, Yo) + QYt In(Yy) Fy (Xo, Yo)] =
and for V,
EP{F(X,,,Yt)/Ot (- %@+ ?(éxs -t (S) m(va) + 220 )Ysln(X ))awl+
+(%(s) - ?(a _pyy+ 1) ( In(Xs) + 6b(s)xé ln(Yb)>dWS2:|+

+Ep[b(t) X¢ In(Ye)Fo (X¢, Yi) — b(8)Ye In(X¢) Fy (X, Ye)l+

—Ep[b(t) X¢ In(Yy) Fz (X0, Yo) — b(£) Yt In(X¢) Fy (X0, Yp)] = 0.
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Thanks for your attention!
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analytical results

Under suitable hypoteses the family of stochastic integrals (f(;5 gx(r)dW,); admits a
modification differentiable with continuity w.r.t. A a.e. s.t.

o4 fo gx(r)dW, = f Diga(r)dWy V(t, A) a.e

If there exists a number M = M; > 0 and a non-negative function

¢ € C12([0,T] x R™) such that ¢ is a Lyapunov function on [0, T] x R™, then the
martingale problem associated with the infinitesimal generator L is well-posed, the
solution process is non-explosive and E;[¢(¢, X¢)] < exp(Mt)¢(0, Xo), ¢ > 0.

Time change formula for It6 integrals: If n(s,w), B(s,w) and a(s,w) are
s-continuous, a(0,w) = 0 for a.a. w, Elat] < 0o, B(s,w) € SO(m) and v(s,w)
bounded and s-continuous, then

Of—k(t)v(s w)dW, = fo W for(s)dWs P —a.s.

)y @) === BT (f (),
where f ©
Wi =1im; 00 30, V/N(F- X)) BU-AG)AW, )y = Jo 7 V/n(s)B(s,w)dWs.

If g(A\,X):Rx M — R is integrable and differentiable with continuity w.r.t. A and
s.t. Ep[|859(, X)|] < oo, then dxEp[g(X, X)] = Ep[drg(\, X)].

If V =(Y,C,r, H) is an infinitesimal symmetry of SDE, , which verify
hypotesis*, with one-parameter group associated Ty = (®x,nx, hy), then

Bp(|03 POV)] < oo, where P(\) = 22 ([T L(F) 0 85 (X, 5) £ (5)ds).
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