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Copula Theory

Definition
A d-dimensional copula C is a distribution function on [0, 1]¢ with standard
uniform marginal distributions.
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Copula Theory

Definition
A d-dimensional copula C is a distribution function on [0, 1]¢ with standard
uniform marginal distributions.

Theorem (Sklar($1959))
Let F be a joint distribution function with margins F1, ..., F4. Then there

exists a copula C : .[0,1]¢ — [0,1] s.t. Vx; € [~00, ]
F(X1,...,Xd): C(F1(X1),...,Fd(xd)) (1)

If Fi are continuous then C is unique. Otherwise, it is uniquely determined on
ranFy X --- X ranFy4, where ranF; denotes the range of F;. Conversely, if C is a
copula and F1, ..., Fq are univariate distribution functions, then F defined in
(1) is a joint distribution with margins Fi, ..., Fq.
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Copula Theory

Theorem
For every copula C(ui, ..., uq) we have the bounds

d
max{Zu;—d—i—l, 0} < C(ui, .., uq) <min{u, ..., uq}.

i=1
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Copula Theory

Theorem
For every copula C(ui, ..., uq) we have the bounds

d
max{Zu;—d—i—l7 0} < C(ui, .., uq) <min{u, ..., uq}.

i=1

Example

e Fundamental:

e Independence copula M(uy, ..., uqg) =[1;—; 4 ui-
e Comonotonicity copula M(u1, ..., uy) = min{u1,...,uqg}
e Countermonotonicity copula W (uy, up) = max{ui + up — 1,0}

e Implicit: extracted from well-known joint distributions using Sklar’s
Theorem.

e Explicit: simple closed-form expressions.

Irene Ventura (Bergische Universitat Wuppertal) 3



Wasserstein distance

Definition
Let p, v be two probability measures on a Polish space (E, &, d), then the

Wasserstein distance of order p € [1,00) is defined as,

Wo(uv) = inf < /E _dlxyPr( dy)> 4

7 EM(p,v)

where M(u,v) is the set of all couplings between 1 and v.
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Wasserstein distance

Definition
Let p, v be two probability measures on a Polish space (E, &, d), then the

Wasserstein distance of order p € [1,00) is defined as,

Wo(uv) = inf < /E _dlxyPr( dy)> 4

7 EM(p,v)

where M(u,v) is the set of all couplings between 1 and v.
Moreover, the p-Wasserstein space is defined as,

Po(E) := {u € P(E) - / d(x, x)°(dx) < 00}

where x, € E is arbitrary and P(E) is the set of all probability measures on E.
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Wasserstein distance

Definition
Let p, v be two probability measures on a Polish space (E, &, d), then the
Wasserstein distance of order p € [1,00) is defined as,

1
Wy(uv) = inf / dix, y)Pr(dx, dy) ).
meN(p.v) \JExE

where M(u,v) is the set of all couplings between 1 and v.
Moreover, the p-Wasserstein space is defined as,

P,(E) :=={p € P(E): /Ed(x,xo)p,u(dx) < oo}

where x, € E is arbitrary and P(E) is the set of all probability measures on E.

Theorem (Villani (2002))
Let p € [1,00). Let (E,E,d) be a Polish space. Let ji,v € P(E). Then, there

exists an optimal coupling of (u,v) for Wy(u,v).
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Wasserstein distance in terms of the comonotonicity Copula

Theorem
Let p1, v be two probability measures in P,(R). Let F and G be the associated
distribution functions. Then for all p € [1,400),

W) = ([ b= y|de(x,y)>‘1’

where M(x, y) = min{F(x), G(y)}.
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Wasserstein distance in terms of the comonotonicity Copula

Theorem
Let p1, v be two probability measures in P,(R). Let F and G be the associated

distribution functions. Then for all p € [1,400),

W) = ([ b= y|"dM(x,y))’1’

where M(x, y) = min{F(x), G(y)}.

Theorem
Let j1,v be two probability measures in P,(R?) sharing the same copula.

Denote by Fj and G; (i =1,...,d) the distribution functions of the
one-dimensional margins of j and v, respectively. Then for all p € [1,0),

d
Wor )Y =3 [ [ = yPam(F(x). Gi)
where M(x, y) = min{F(x), G(y)}.
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Thank you for your attention!
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