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This talk focuses on two probabilistic interpretations of a specific nonlinear
parabolic PDE

(Natalini et al. 2004-)

Duplt,x) = Ap(t.x) — V- {b ( /0 “Keep(s. x)ds, /0 tVK*p(g,x)ds) ot x)}

¢ (/Ot K*p(s,x)ds) o(t,%),

where K : R — R is a smooth regularising kernel.

» Non-conservative.
» Path-dependent coefficients.
» Existence and uniqueness of only weak solutions has been established.



Application: modeling the sulphation phenomenon, a degradation
process affecting marble surfaces exposed to atmospheric pollutants

1969

Schloss Herten, Westphalia, Germany



A probabilistic interpretation based on a
Feynman-Kac approach



We introduce a stochastic model coupled with a non-local
Feynman-Kac-type equation
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We introduce a stochastic model coupled with a non-local
Feynman-Kac-type equation

t S s
Yy = Yo + / b (/ u™(r, Ys)dr,/ Vu™(r, Ys)dr) ds + V2 W, te [0, T];
0 0 0

Yo ~ o, L(Co) = mo, po(dx) = po(x)dx;

L(Y)=m;

e = [ = xnen (- [ [Tumexnr) ds) ma)

where X is the canonical process.
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We introduce a stochastic model coupled with a non-local
Feynman-Kac-type equation

t S s
Yy = Yo + / b (/ u™(r, Ys)dr,/ Vu™(r, Ys)dr) ds + V2 W, te [0, T];
0 0 0

Yo ~ o, L(Co) = mo, po(dx) = po(x)dx;
L(Y)=m;

e = [ = xnen (- [ [Tumexnr) ds) ma)

where X is the canonical process.

We call such an SDE the McKean-Feynman-Kac SDE.
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To relate the McKean-Feynman-Kac SDE to the PDE model, we
introduce a McKean-Vlasov SDE by a general approach?

t S S
Yt:Y0+/ b(/ Km;"(ys)dr,/ VK*fyﬁ"(Ys)dr> ds+V2W,, te[o,T];
0 0 0

Yo~ o, L(Co) = po, po(dx) = po(x)dx;

L(Y)=m;

00 = En o 0en (- [ o([[keariar) )] voe am

'A. Le Cavil, N. Oudjiane, and F. Russo (2016)
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We consider the particle system associated with
the McKean-Feynman-Kac SDE and we establish propagation of chaos

Let NeN. Fori=1,..., N,

) ) t s . s . i
=g+ [ ([ wnigityan, [ vuningMar) ds + VI

N
£<£6»N> = L(Yo); un = %ZEC',N;
i=1

N

utN(t,y) = Z (y - §{’N> exp <— /Otc (/os U“”(r,ﬁi’N)dr> dS) -

=1
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A probabilistic interpretation based on
killed diffusions



The second probabilistic interpretation consists of linking the PDE model
to killed McKean-Vlasov-type SDE

Let X = {X;}¢cpo, 1) be a RU {A} - valued stochastic process solution of

t s s
X: = Xo —|—/ b (/ K * v, (Xs) dr, / VK x v, (Xs) dr) ds + V2 W,, for t € [0,7) N0, T],
0 0 0

X: € {A}, for t >,

where
V¢ :P(Xt €T > t)

and
Xo~Co: L(C) = po;  po(dx) = po(x)dx.
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The second probabilistic interpretation consists of linking the PDE model
to a McKean-Vlasov-type SDE stopped at a random time

The stopping time 7 = 7(X) is defined as

"= r(X) = ;gg{/otc(/osmu,(xs)dr) ds > z},

where Z ~ Exp(1) is independent of X.
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We consider the particle system associated with the killed

McKean-Vlasov SDE and we study its convergence
Let NeN. Fori=1,..., N,

=g+ /O b (/O uy (r, &) dr, /OSVUN (r, &) dr) ds + V2W/, for t € [0,7') N [0, T],

fi e {A}, for t > T,

> 7= inft20{f0 (fo un(r,&l)dr) ds > Z}, Z ~ Exp(1).

» N C {1,..., N} is the set of particles “alive” at time t.

> ' = Djery € is the empirical measure.

> up (t, &) == KV« ulY is the empirical density, where ‘ KN(x) := NPK(NPx) ‘ .
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We rescale the kernel with respect to N and we introduce a parameter
p € (0,1/5). It corresponds to a medium range of interaction between

the particles
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The particle system is well-posed and its empirical density converges to
a solution to the original PDE model without the smoothing

Theorem (convergence)

The empirical density of the killed particle system converges in probability to a weak
solution of the original PDE model without the smoothing

Bep(t,x) =Ap(t,x) — V- [b ( /0 " (s, x)ds, /0 th(s,x)ds) p(t,x)]

— ([ s ote0)

as the number of particles N € N grows to infinity.
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If we pick 8 = 0, we are in the mean-field case and we have propagation
of chaos. But the convergence is again to the regularised model

. (2 L . .
i) uN = i, where y satisfies a measure-valued version of the regularised PDE
model.

i) For every k > 1,

(g"”l,...,g"’fk) "HTC’% (XL,..., x5,

where (X1, ..., X¥) are k copies of the limit SDE.
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