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Problem Statement

• We want a particle system for the coupled 2-dimensional SDE system

• Non-Linearity through conditional expectations.

• Applications: SDEs on large graphs, Molecular Dynamics, Finance...

𝑑𝑌𝑡 = 𝔼 𝑏 𝑋𝑡 , 𝑌𝑡 𝑌𝑡 𝑑𝑡 + 𝑉 𝑋𝑡 , 𝑌𝑡 𝑑𝑡 + 𝑑𝐵𝑡

𝑑𝑋𝑡 = 𝔼 𝑎 𝑋𝑡 , 𝑌𝑡 𝑋𝑡 𝑑𝑡 + 𝑈 𝑋𝑡 , 𝑌𝑡 𝑑𝑡 + 𝑑𝑊𝑡



Motivation: Wasserstein Gradient Flow

•  Fix probability measures on ℝ

• Fix a cost function 𝑐: ℝ × ℝ → ℝ+

𝑒−𝑈, 𝑒−𝑉



Motivation: Wasserstein Gradient Flow

• Conforti-Lacker-Pal (2025):

𝑑𝑋𝑡 = 𝔼 ∇𝑥𝑐 𝑋𝑡 , 𝑌𝑡 𝑋𝑡 − ∇𝑥𝑐 𝑋𝑡 , 𝑌𝑡 𝑑𝑡 − ∇𝑈 𝑋𝑡 𝑑𝑡 + 𝑑𝑊𝑡

𝑑𝑌𝑡 = 𝔼 ∇𝑦𝑐 𝑋𝑡 , 𝑌𝑡 𝑌𝑡 − ∇𝑦𝑐 𝑋𝑡, 𝑌𝑡 𝑑𝑡 − ∇𝑉 𝑌𝑡 𝑑𝑡 + 𝑑𝐵𝑡



Motivation: Wasserstein Gradient Flow

• Conforti-Lacker-Pal (2025):

• 𝑃𝑡 = Law 𝑋𝑡, 𝑌𝑡  converges to solution of entropic OT:

𝑑𝑋𝑡 = 𝔼 ∇𝑥𝑐 𝑋𝑡 , 𝑌𝑡 𝑋𝑡 − ∇𝑥𝑐 𝑋𝑡 , 𝑌𝑡 𝑑𝑡 − ∇𝑈 𝑋𝑡 𝑑𝑡 + 𝑑𝑊𝑡

𝑑𝑌𝑡 = 𝔼 ∇𝑦𝑐 𝑋𝑡 , 𝑌𝑡 𝑌𝑡 − ∇𝑦𝑐 𝑋𝑡, 𝑌𝑡 𝑑𝑡 − ∇𝑉 𝑌𝑡 𝑑𝑡 + 𝑑𝐵𝑡

𝑃𝑡 → min
𝜋∈Π(𝑒−𝑈,𝑒−𝑉)

න 𝑐 𝑥, 𝑦 𝑑𝜋 𝑥, 𝑦 + 𝐻 𝜋 𝑒−𝑈 ⊗ 𝑒−𝑉)









Particle System

• Consider vectors 𝑿 = 𝑋𝑖
𝑖=1

𝑛
, 𝒀 = 𝑌𝑖

𝑖=1

𝑛
;

• Nadaraya-Watson estimator for conditional expectations:

ො𝑎(𝑋𝑡
𝑖|𝑿𝑡 , 𝒀𝑡) =

1
𝑛

σ𝑗 𝑎 𝑋𝑡
𝑖 , 𝑌𝑡

𝑗
𝐾ℎ(𝑋𝑡

𝑖 − 𝑋𝑡
𝑗
)

1
𝑛

σ𝑗 𝐾ℎ 𝑋𝑡
𝑖 − 𝑋𝑡

𝑗
+ 𝜀



Particle System 

• Moderately interacting particle system 𝑿𝑡 , 𝒀𝑡 = 𝑋𝑡
𝑖 , 𝑌𝑡

𝑖
𝑖=1

𝑛
:

• Two free parameters: ℎ and 𝜀

𝑑𝑌𝑡
𝑖 = ෠𝑏(𝑌𝑡

𝑖  |𝑿𝑡 , 𝒀𝑡)𝑑𝑡 + 𝑉 𝑋𝑡
𝑖 , 𝑌𝑡

𝑖 𝑑𝑡 + 𝑑𝐵𝑡
𝑖

𝑑𝑋𝑡
𝑖 = ො𝑎(𝑋𝑡

𝑖  |𝑿𝑡 , 𝒀𝑡)𝑑𝑡 + 𝑈 𝑋𝑡
𝑖 , 𝑌𝑡

𝑖 𝑑𝑡 + 𝑑𝑊𝑡
𝑖



Main Result

• Let 𝜋 law of the particle system, first 𝑘 marginals are 𝜋𝑘; 𝜇 law of the 
non-linear limit

• Assume initial condition and coefficients are nice (𝑎, 𝑏 bounded). 
Convergence in Total Variation (arbitrary 𝑝 < 1):

𝜋𝑡
𝑘 − 𝜇𝑡

⊗𝑘

𝑇𝑉
≲

𝑒
1

𝜀2ℎ

𝜀 ℎ
⋅

𝑘

𝑛
+ 𝑘 ℎ + 𝜀

𝑝

2



Proof Sketch:

• Take 𝜌 to be the large 𝑛 limit of 𝜋1 for a fixed ℎ > 0.

• Triangle inequality:

𝜋𝑡
𝑘 − 𝜇𝑡

⊗𝑘

𝑇𝑉
≤ 𝜋𝑡

𝑘 − 𝜌𝑡
⊗𝑘

𝑇𝑉
+ 𝜌𝑡

⊗𝑘 − 𝜇𝑡
⊗𝑘

𝑇𝑉



Proof Sketch:

• Take 𝜌 to be the large 𝑛 limit of 𝜋1 for a fixed ℎ > 0.

• Triangle inequality:

𝜋𝑡
𝑘 − 𝜇𝑡

⊗𝑘

𝑇𝑉
≤ 𝜋𝑡

𝑘 − 𝜌𝑡
⊗𝑘

𝑇𝑉
+ 𝜌𝑡

⊗𝑘 − 𝜇𝑡
⊗𝑘

𝑇𝑉

Variance Bias



Proof Sketch:

• The Variance term is (almost) a standard Propagation of chaos 
problem.

• Bias term: information theoretic inequalities to show for some 𝑝 < 1

𝜌𝑡 − 𝜇𝑡
2

𝑇𝑉
≲ 𝜀𝑝 + න

0

𝑡

𝐻 𝜇𝑠 𝜇𝑠 ⋆ 𝐾ℎ 𝑑𝑠



Regularity

• Informal calculation:

• Conditional Expectations a priori rough. Pointwise estimates difficult, 
integrated control reachable. 

• Idea: bootstrap argument and energy estimates.  

𝐻 𝜇𝑠 𝜇𝑠 ⋆ 𝐾ℎ ≲ ℎ2(1 + 𝔼 ∇2 log 𝜇𝑡 𝑋𝑡
3 )

|∇𝑘𝔼 𝑎 𝑋𝑡 , 𝑌𝑡 ∣ 𝑋𝑡 | ≲ 𝔼 ∇x
𝑘 log 𝜇𝑡 𝑋𝑡 , 𝑌𝑡 ∣ 𝑋𝑡 + lower order terms



Thank you!
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