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Problem Statement

* We want a particle system for the coupled 2-dimensional SDE system
dX, = Ela(X,Y;) | X; |dt + U(X,, Y)dt + dW,
dY, = E|b(X.,Y;) | Y; |dt + V(X,, Y:)dt + dB;
* Non-Linearity through conditional expectations.

* Applications: SDEs on large graphs, Molecular Dynamics, Finance...



Motivation: Wasserstein Gradient Flow

* Fix probability measures on R

-U ,—V

e Y, e

* Fix a cost function c: R X R —» R,



Motivation: Wasserstein Gradient Flow
* Conforti-Lacker-Pal (2025):
dX; = (E[Vec(Xp, V) | X¢ ] — Viec(Xe, Yy) )dt — VU(X,)dt + dW;

dY, = (E[Vyc(X, ) | Y] - Vyc(X,, Y,) ) dt — VV (Y,)dt + dB,



Motivation: Wasserstein Gradient Flow

* Conforti-Lacker-Pal (2025):
dX; = (E[Vec(Xp, V) | X¢ ] — Viec(Xe, Yy))dt — VU(X,)dt + dW;
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« P, = Law(X;,Y;) converges to solution of entropic OT:

P, -  min f c(x,y)dn(x,y) + Hmle ™" @ e™")

nell(e~V,e~")
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Particle System
 Consider vectors X = (Xi)?zl; Y = (Yi):;l;

* Nadaraya-Watson estimator for conditional expectations:

— %, a(xtv) Ky (XE - X))

c’i(X,f|Xt, Y,) =

%zjl{h(xg —X{) te



Particle System

n

» Moderately interacting particle system (X;,Y;) = (X}, Yti)lzlz

dX} = a(X} | X, Yo)dt + U(X}, Y )de + dW}

dY} = b(Y! |X., Yo)dt + V(X}YE)dt + dB;

* Two free parameters: h and ¢



Main Result

* Let  law of the particle system, first k marginals are *; u law of the
non-linear limit

* Assume 1nitial condition and coefficients are nice (a, b bounded).
Convergence in Total Variation (arbitrary p < 1):

1

e I ()




Proof Sketch:

» Take p to be the large n limit of ! for a fixed h > 0.

* Triangle 1inequality:

It = ue |,y < Nt = oy + 0™ = 1|l



Proof Sketch:

» Take p to be the large n limit of ! for a fixed h > 0.

* Triangle 1inequality:

It = ue ||,y < Nt = oMy + 0™ = 1|l
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Variance Bias




Proof Sketch:

* The Variance term 1s (almost) a standard Propagation of chaos
problem.

* Bias term: information theoretic inequalities to show for some p < 1

t

loe = tell2py = 28 + [ Husliss « Kndds
0



Regularity

e Informal calculation:
H(uslps * Kp) < h*(1 + E[|V* log ue (X)) °])

* Conditional Expectations a priori rough. Pointwise estimates difficult,
integrated control reachable.

IVEE[a(X., V) | X,]| S IE[|V)’§ log u; (X, Yt)‘ | Xt] + lower order terms

* Idea: bootstrap argument and energy estimates.



Thank you!
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