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The Boltzmann Eq. was introduced by L. Boltzmann (1844 -1906)
to describe the dynamics of the density in position and velocity of
particles of a diluted gas expanding in vacuum. Boltzmann
assumed that any gas molecule (particle) travels straight until an
elastic collision occurs with another particle. In Boltzmann model
only binary centered collisions (in the same point x) are taken into
account.

Aim: Identify the stochastic process which describes the dynamics
in position and velocity of one tagged particle. |.e indentify the
stochastic process whose density function solves the Boltzmann
eq., or distribution satisfies the weak Boltzmann eq., i.e identify
the " Boltzmann process”.

ARS23 : identifies the Boltzmann process as solution of an SDE of
McKean Vlasov type

RS24 : proves existence of Boltzmann processes
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Let f be the particle density function, which depends on time

t > 0, the space variable x € R3, and the velocity variable

z € R? of the point particle. {f(t,x,z)}epo,7] (or t € RY) solves
the Boltzmann equation (BE) if

O (tx2) b2 Vaf(t.x2) = QU F)(t:x,2) e € [0,T]

where

Q(f, f)(t,x, 2)

= / {f(t,x,z°)f(t,x,v*) — f(t,x,z)f(t,x,v)}B(|z — v|, n)dndv
R3x 52

@ z,v = pre-collision velocities.

@ z*, v* = post-collision velocities.
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o n= |v* | deflection of velocity of incoming particle;

e Conservation of momentum and energy hold (where here the
Mass m = 1):

Z+vi=z4+v
(Z*)2 + (V*)2 — Z2 + V2

vi=v+(n,z—v)n

zZr=z—(n,z—v)n

e Jump size = a(z,v,n) = (n,z — v)n

@ The scattering measure B(|z — v|, n)dndv gives the collision
rate. In Boltzmann model B(|z — v|,n)dn = |(n,z — v)|dn
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n depends on 6, ¢ (e.g. spherical coordinates with § = colatitude

angle; ¢ = longitude angle). Center of the ball is at ZLY= #

2
nz—v)= z—vl|cos(Z — D)= |z — v|sin(%) with n :=
272 2

vi—v
V]
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Boltzmann hard sphere model: (recall n = 4=
[v—v]

(nz—v)=lz— v|5in(§)

hence
B(|z — v|,n)dndv := (n,z — v)dndv

corresponds in polar coordinates to
“ .0 0
B(z,dv,d0)d¢ := |z — v|dv sm(2)cos( )dOd¢

(0,9) € =:=(0,7] x [0,27)

This is the "cut -off hard sphere model” by Boltzmann.
When identifying the Boltzmann process, we consider the more
general hard sphere (cut -off and non cut -off) model:

B(z,dv,df)d¢ := |z — v|dv Q(d0)dp Wlth/ 0Q(0
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gi(t,x,z)—i—u-vxf(t,x,z) = Q(f,f)(t,x,z) (1)

Q(f,f) = //\{I"(t,x,z*)f(t,x7 v¥)—f(t,x,z)f(t,x,v)}B(|lv—z|, n)dvdn.
A :=R3 x (0, 7] x [0,27)
{v*: v+ a(u,v,0,0)

" =z—a(z,v,0,9)
with 6 € [0, 7] longitute ; ¢ € [0, 27) colatitude angles,

v —v

a(z,v,0,¢) :=(n,z—v)n, n= ]

B(|v — z|, n)dvdn = |z — v|dvQ(d8)d®
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The Problem: Stochastic interpretation of Boltzmann eq.

ARS23 Identify stochastic processes {(Z:, R:)} whose density function
solves the Boltzmann equation,
RS24 and prove its existence.

Stochastic interpretation of spatially homogeneous
Boltzmann eq.

‘9” £ 2) // (t,v*)h(t, 2*) — h(t, v)A(t, 2)) B(1z — v|, n)dndv.
R3 S2

H. Tanaka '73, '78, '87; Funaki '85 and ...A. Bressan, C.

Cercignani, N. Fournier, J. Horowitz, L. Karandikar, R. Esposito,

R. Marra, S. Meleard, Y. Morimoto, C.Mouhot, M. Pulvirenti, F.

Rezakhanlou, C. Villani, S. Wang, T. Yang....

Stochastic interpretation of Boltzmann -Enskog eq.: [S.

Albeverio, B. R., P. Sundar JSP 2017] (identification of Boltzmann
- Enskog process and 3 for Maxwellian case); [M. Friesen, B. R., P.
Sundar NoDEA 2019] (3 of Boltzmann -Enskog process in general
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%(t,x,z)—ku-vxf’(t,x,z): Q(f, F)(t,x,z) (2)

Q(f,f) = /A{f(t,x,z*)f(t,x, v¥)—f(t,x, z)f(t,x,v)}B(|lv—z|, n)dvdn.

A :=R3 x (0, 7] x [0,2n)

lliner, Shinbrot Comm.Math. Phys 1984, lliner , Pulvirenti
Comm.Math. Phys 1989 :

Assume 0 < £(0, x,z) < bexp (—Bo(x? + z2)) with b > 0, 55 > 0,
then 3 of solution globally in time for Boltzmann equation in
cut-off hard sphere model and

0 < f(t,x,z) < (C-b)exp(—Polx — tz)?) a.e.
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Weak formulation of the Boltzmann - equation

/]RG 1/J(X,z)?;(t,x,z)dxdz - /RG f(t,x,z)(z, Vxi(x, z))dxdz

= [ f(t,x, 2)Leb(x, z)dxdz (3)
R6

for all v € C3(R®) and for all t € [0, T] with

wa(xaz) = /R3><:
{Y(x, ) — (x, 2) }f(t, x, v)B(z,dv,dd)d¢

with
B(z,dv,df)d¢ = |z — v|dvQ(db)d¢
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[Tanaka '82] Let W(x,z) € Co(RR®),

/ V(x,z)f(x,z", t)f(x,v*, t)B(z, dv, d)dxdzd¢
RIX=

/ V(x,z*)f(x, z, t)f(x, v, t)B(z, dv, df)dxdzd ¢
ROX=

where =:= [0, 7] x (0, 27]
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Weak formulation of the Boltzmann - equation

Let ue(dx, dz) .= f(t, x, z)dxdz,

/R Y u)pe(dx, dz) — /O t /R (2, Vi(x, 2))us(dx, dz)ds
= /0 t /R Lrt(x, 2)pus(dx, dz)ds @

for all v» € C2(R®) and for all t € [0, T] with

Le(x,z) = /]1{3 )
{Y(x,z*) — ¥(x, z) } f(t, x,v)B(z,dv,d0)d¢
with
B(z,dv,df)d¢ = |z — v|dvQ(dO)d¢p

This suggests the infinitesimal generator of a Boltzmann
process is given by (z, V) + Ly.
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Definition

A collection of densities {f(t,x, z}c[o, 7] (resp. distributions
pie(x, Z}refo,17), With x,z € R3, is a strong (resp. weak) solution
of the Boltzmann equation in [0, T], if for any t € [0, T] it solves

(2) (resp. (4)).

We denote by D := ([0, T],R®) the space of all right continuous
functions with left limits on [0, T] taking values in R3, and
equipped with the topology induced by the Skorohod metric.

Definition

A stochastic process (X, Zs)sejo, 7] With values on D x I, having
density {f(t,x,2)}¢c[o, 7] (resp. distribution put(x, z}¢c[o,77) Which
solves the Boltzmann Equation (2) (or (4))) is called a
"Boltzmann process”.

We remark that the infinitesimal generator of a Boltzmann process
is given by (z, V) + L¢. This suggests that the Boltzmann

process solves a McKean -Vlasov -type SDE.
Barbara Ridiger The Boltzmann Process



Preparing ARS23

Let Up =D x [0,7) x (0, 27]..
The physical model of Boltzmann suggests that the Boltzmann
process (X., Z.) should be a sol. of the McKean -Vlasov SDE

t
Xt — Xo —|— / stS
0

t
Zt:ZO+/ / a(Zs, v,0,6)dN,
0 Up

where in the above equation, dN := N(dv, df,d¢, dr,ds) is a
Poisson random measure with random compensator

(s, Xs,v)|Zs — v|dvQ(df)dpds and with

(Xt, Ze) ~ f(t,x,z)dxdz.
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This is however equivalent to say that the Boltzmann process

(X, Z) is a martingale sol. of McKean Vlasov SDE given in terms
of a Noise term with Poisson measure with deterministic
compensator, defined through m(t, v) which denotes the marginal
density of velocity v at time t (i.e. m(t,v) = [ps f(t,x,v)dx, so
that upon desintagration of measures f(t, x|v)m(t, v)

= f(t,x,v))

t
Xt - Xo + / sts
0

t
Z: = 7y +/ / A Zs, Vs, 0, 8) 1[0, | Z,—vs|F(s,Xs|v)) (1) AN,
0 U()><]R9r

(6)
where in the above equation, dN := N(dv, d0,d¢, dr,ds) is a
Poisson random measure with compensator
m(s, v)dvQ(d6)dodsdr.
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(Theorem ./
[ARS23] Let {f(t,x, v)}teR& be a collection of densities which
satisfies hypothesis B. Let Xo and Zy be R3- valued random
variables. Suppose that for T > 0 there exists a stochastic basis
(2, F, (Ft)tepo, 1] P), an adapted process (Xt, Zt):ejo, 1) with
values on D x D, with (X, Z¢) ~ f(t, x, z)dxdz, and which
satisfies in [0, T| the SDE

t
Xt = Xo aF / stS
0

t
Zi =2, +/ / U Zs, Vs, 0, B) 1[0, | Zo—va| (s, X ve)] (F) AN,
0 JUpxRY
(7)

where in the above equation, dN := N(dv, df,d¢,dr,ds) is a
Poisson random measure with compensator

m(s, v)dvQ(dO)d¢dsdr. Then (X, Zt)tejo, 1] is @ Boltzmann
process.

= = = = =

Barbara Riidiger The Boltzmann Process



Let {f(t,x, v)}teRo+ be a collection of densities on

(R3 x R3, B(R3 x R3)).

Hypotheses B:

Bi. t — f(t,x,v) is differentiable for each x, v € R3 fixed;

By. f(t,x,v) is jointly continuous in (t,x,v) and Vsp € R
f(s,-,-) — f(s0,-,-) in L1(R®), as s — sp;
B3. supyers Jps(1+ |u?)f(s,x,u)due C([0,T]) VT >0.
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Proof: We can apply the It6 formula to (X, Zs)ser, . In fact let
t, At >0, ¢ € CZ(R3 x R3), then

Y(Xerat, Zeyar)

t+At
— 0 Z)+ [ (Za V(X Z))ds
t

t+At
+ / V(Xs, Zs + aZs, Vs, 0,6) 1[0, o(1Z—vil) (5. Xs|ve)] (1)
t

+
Ug ><]R0

- w(Xs; Zs)}dN
E[Y(Xerat, Zeyat) — ¥(Xe, Zt)] =
t+At
E |:/t (Zs, vxw(X& Zs))d5:| +
E [/t /J(w(xs, Zs+ ol(Zs, vs, 0,€) )0 (Xs, Zs) Yo (| Zs— vs| ) F (s, Xs,vs ) dvQ(c

Upon dividing by At on both sides, we obtain (3)



[RS24]]: Existence of a weak sol. of (7), i.e of a

Boltzmann process.

Difficulties:

@ SDE is of Mc Kean -Vlasov type, because the density
f(t,x,z) of {Xt, Zt}+ejo, 7] appears through the velocity
marginal in the compensator of the Poisson measure N.

@ No Lipschitz coefficients
oz, v, n) — (2,7, 8] £ C(|z = 2| +|v = 7])

o a(z,v,n) is not bounded;  |a(z,v,n)| = |z — v|sin(})

Barbara Riidiger The Boltzmann Process



bypass the problem that the SDE associated to BE is of

McKean -Vlasov type

We reduce the problem in finding a solution of an SDE, which on
the r.h.s equals the SDE before, but is not of McKean -Vlasov
type, i.e. the distribution of its sol. (X, Z) is not assumed to be
f(t,x, z)dxdz, but some g(t, x, z)dxdz:

t
Xt — XO + / sts
0

t
Z = 2 +/ / U Zs, Vs, 0, 0)1[0, (| Zo—vi|)F(s,%:|ve)] (1) AN,
0 U()><R<OF
(8)

We prove however g(t, x,z) = f(t, x,z) Vt if f(t,x, z) solves
the Boltzmann equation.
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[RS24] Let T > 0 and {f(t,x, v)}tejo, 1] be a collection of
densities which solves the Boltzmann equation (2) (and satisfies
regularity hypotheses B). Suppose that for fixed T > 0 there exists
a stochastic basis (Q, F, (Ft)tefo, 1], P), an adapted process

(Xt, Zt)tefo, 1) with values on D x D, such that it satisfies a.s. (12)
and has time marginals {g(t, x, z)dxdz}c[o, 7], then
{&(t, x, z)}tejo, 1] Solves the bilinear BE in [0, T].

"bilinear BE" associated to {f(t,x, v)}efo,7):

gi(t,x,z)—kz-vxg(t,x,z) = Q(f,g)(t,x, z) (9)

where
Q(f, g)(t,x, z)

= /R Aa(t,x, 2)f(t,x,v*) — g(t, x, 2)f(t, x,2)} B(|z — v/, n)dndv

3x=
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Consider the following " bilinear BE" associated to
{f(ta X, V)}tE[O,T]

%8 (tx,2) + 2 Vaglt.x,2) = QU 8)(Ex7)  (10)

where
Q(f,g)(t, x, 2)
= /]R Aa(t,x, 2)f(t,x,v*) — g(t, x, 2)f(t, x,2)} B(|z — v/, n)dndv

3x=

Theorem (RS24)

Assume {f(t, x, z) }[o, 7] solves the Boltzman equation. Assume
{&(t, x,z) }jo, 1] solves (10) and g(0, x, z) = £(0, x, z). Assume
g, f satisfy conditons C1. Then f(t,x,z)= g(t,x,z) a.s.

vVt € [0, T].
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Assumption C1.
o {g(t,x, u)}o, 1 satisfies like {f(t, x, v)}o,7] conditions B
o The densities f(t,x,z) and g(t,x, z) are in C12([0, T] x R%)
and are strictly positive-valued functions a.e.
o glogg,glogf € LY(R®) for each t € [0, T] and
lim |00 g(t,x,2) = 0
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prove

Ri(g|f) := /Rﬁ log (%)g(t,x, z)dxdz =0 Vt e |0, Z'l]l)

This implies f(t, x, v)= g(t,x,v) A -a.s. Vt € [0, T]
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Recall:

Recall that for any two probability measures 1, v on a common
measurable space (X, X), the relative entropy of v with respect to
p, denoted R(v || 1), is defined by

ROl = [ (1og G ) dv

if v is absolutely continuous with respect to . Otherwise, we set
R(v|| 1) = oo. The following Lemma is well known.

Let p,v be two probability measures on a measurable space
(X,X). Then R(v||p) >0 and R(v || 1) = 0 if and only if p = v.
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Existence of solution

The problem is reduced to find a solution of
t
X = Xo + / Zsds
0

t
Zy = 2o+ / / a(ZSa Vs, 0, d))l[O, 0(|Zs—v5\)f(s,Xs\vs)](r)dNa
0 U()><]R0

(12)
where in the above equation, dN := N(dv, df,d¢, dr,ds) is a
Poisson random measure with compensator
m(s, v)dvQ(d0)d¢dsdr, with m(t,v) := [gs f(t,x, v)dx and
{f(t,x, 2)}tefo, 1] solves the Boltzmann equation.
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Definition
A "weak solution” of equation (12) in the time interval [0, T] is a
triplet ((2, 7, (Ft)eepo, 1), P), N(dv, d0,d¢, dr, ds), (Xt, Zt)tefo, 1])
for which the following properties hold:
o (Q,F,(Ft)tefo, 1], P) is a stochastic basis;
e N(dv,df,d¢,dr,ds) is an adapted Poisson random measure
with compensator m(s, v)dvQ(df#)d¢dsdr;
o (X,Z):=(Xt,Zt)ecpo,1]) is an adapted cadlag stochastic
process with valued in RY x RY which satisfies (12)P -a.s.
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Let {f(t,x, z)}+efo, 7] be any collection of densities which satisfies

the following conditions:
B4.

sup / f(s,x,v)dv < Cr < 0.
s€[0,T],xeR3 JRR3

B5. For every T > 0 and K > 0, there exists a constant C’T< >0

such that

sup / max(1, |v|?)|V.f(s,x,v)|dv < CK < c0.
s€[0,T],|x|<K JR3

B6.

sup / Iv3f(s,x, v)dv < cT < oo.
s€[0,T],xeR3 JR3

Barbara Riidiger The Boltzmann Process



Theorem (RS24)

Let T >0 and {f(t,x,V)}eo, T Y be a collection of densities which
satisfy f(t,x,v) € C([0, T] x R®) and Hypotheses B4 -B6. Let
the initial distribution of (Xo, Zo) admit finite second moment.
There exists a weak solution of

t
Xt = XO - / stS
0

t
Zi =2y + / / a(st Vs, 0, ¢)1[0, a(|Zs—vs|)f(s,Xs|v5)](r)dNa
0 U()X]R?F

where in the above equation, dN := N(dv, df,d¢,dr,ds) is a
Poisson random measure with compensator

m(s, v)dvQ(d0)d¢dsdr, with m(t,v) := [ps f(t,x, v)dx.
Moreover,

sup E[|Xt|2]+ sup E[\Zt|2] < 00
tel0,T] te[0,T]

Proof was done in several steps.
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bypass the problem of not bounded coefficients

letj€N, B :={zecR3: |z| <} and

V4

o(z,v.0,0) = oy 555

) v? 9? qb) (13)

- )
— =V
1+ d(Z7 BJ)
where d(z, B;) denotes the distance of z € R3 from B;. Solve first

(by Picard iteration and by involving Tanakas Parameter
transformation)

(14)

oi(z,v) = o

. t .
X{:Xo—i—/ Zids vte[o, T]. (15)
0

. t .
Z{':ZO—’_/O Laj(zé_)v)95¢)
N(dv, do, do, dr,ds) ¥t € [0, T]
(16)
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Remark
Z|

1 + d(Z, BJ)

and there exists a constant K; > 0, such that

< min(j, |z) (17)

z /

V4
1+dzB) 1+d(B)

<Kjlz—Z|. (18

Barbara Riidiger The Boltzmann Process



(Theoem .
[RS24] Let f(t,x,u) € C([0, T] x R®), and {f(t,x,v)}epo, 7] be a
collection of densities which satisfies hypotheses B4 - B6. Let
Jj € N be fixed.

For any stochastic basis (Q2, F, (Ft)te[o, ], P) which supports an
adapted Poisson noise N'(dv,df, d¢, dr, ds) with compensator
m(s, v)dvQ(df)dodsdr and any random vector (Xo, Zy) on

(Q, Fo, P) with values on R x R3 having finite second moment,
there exists on the same filtered space an adapted Poisson random
measure N/(dv, d0, d¢, dr, ds) with compensator m(s, v)dv
Q(dO)d¢pdrds and a stochastic process (Z.,X.) which solves a.s.

Xl = Xo+/ Zlds vt e o, T]. (19)

2= zo+//aJ (ZL ,v,0,9)

X 1[0, Uj(zsi,v)f(s,xs‘v)]( )NJ(dv, db,do, dr, dS) Vt € [0, T]
()
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Proof of Theorem 9:

Introduces a Picard Iteration which uses a parameter
transformation of Tanaka to bypass the problem that the noise
coefficients are not Lipschitz.

oz, v, n) — (2,7, A £ C(1z = 2|+ |v — 7)
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bypass the problem of no-Lipschitz coefficients

No Lipschitz coefficients
oz, v, n) — (2,7, 8] £ C(1z = 2|+ |v — 7)

H. Tanaka proved that under a certain parameterization, we have
for all u, v, i, v € R?, and all § € [0, 7] and ¢ € (0, 27],

|Oé(Z, V’Qvgb)_a(E? ‘779a¢+ (/)O(Z - V,Z - ‘77¢))| < 2‘9(|V_‘7|+|Z_2|)
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Tanaka remarked that a weak sol. (Xt, Zt)¢co, 1)) Of
t
Xt - XO + / stS
0

t
Zy = 2o +/ / (Zs, Vs, 0, +00) 110, o(|Ze—ve|)F(5,Xs|vs)] (1) AN,
0 U()><]R9r
(21)
with ¢g being the Tanaka parametrization is also a weak sol. of

t
Xt - XO + / stS
0

t
Zy =2y +/ / (Zs, Vs, 0, 0) 110, o(1Ze—vs ) (s, Xe o)) (PN,
0 U()><]R9r

(22)
where in both cases the Noises are Poisson random measure with
compensator m(s, v)dvQ(df)dodsdr.
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Remove the truncation using finite kinetic energy

First prove

Theorem (RS24)

Let (X7, 2/) be a solution of ((19), (20)). There exist constants

Kr >0, Mt >0, kTt > 0 and mt > 0 which do not depend on
J and such that the following inequalities holds

sup E[|2{[%] < (Mr + E[| Zo])e ™ (23)
te[0,T]

E[ sup |Z{[] < Tkr(Mr +E[|Z0P])e™ + mr + E[| Z0]]. (24)
te[0,T]

Use Ito formula to compute E[|Z%|2] and symmetry properties. [
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Let
m, =inf{tc[0,T]: |2} |>1}.

We denote the solution (X1, Z1) as (X(1), Z(1) in the time
interval [0,71). Its law is a probability measure P; on the canonical
path space (2, 77, ), 2 =D x D. Next, for each fixed w € Q,
consider the equations (20), (19) with initial condition given by
(Xt (@) Zjl(w)) with initial time being 7, (w). The above procedure

1
can be used to obtain a solution (X(2«), Z(2%)) until time Ty
where
7., = inf{t € [1,(w), T]: 122 > 2.

The law of (X\**), Z>*)y until 7, _ is denoted by Q., a probability
measure for each w € Q. It gives us a regular conditional
probability distribution (rcpd) given 7 . Hence, by a theorem of
Stroock and Varadhan, we can patch the measures P; and Q so
that there exists a unique probability measure P> on (2, 7)) such
that P, = P; on ]-}1, and the rcpd of P, given ]-}1 is Q.
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Use
E[ sup |2{]] < Tkr(Mt +E[|Z0*])e™ " + mr + E[| Zo]]-

t€[0,T]
to prove
P(Ujen{r; =T}) =1. (25)
Since P(7j < 7j41) =1 Vj € N, it follows nILngo T, = T a.s. and

hence the proof is over.
Proof of (25):

P(rj < T)=P( sup |Z!| > j)
te[0,T]
IE[SUPtE[O,T] 1 Z{[]
J
- Thy(My + E[|Z0P)e™ + my + E[1Z]
B J

where we have used (24). It follows
P(Njen{r; < T}) = lim P({7; < T)} = 0. (26)
J—00
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THANK YOU!

Barbara Riidiger The Boltzmann Process



[§ Arkeryd, L. (1986): On the Enskog equation in two space
variables, Transport Theory and Stat. Phys., 15, 673-691.

[§ Arkeryd, L. (1990): On the Enskog equation with large initial
data, SIAM J. Math. Anal., 21, 631-646.

[§ Arkeryd, L., Cercignani, C. (1989): On the convergence of
solutions of the Enskog equation to solutions of the Boltzmann
equation, Comm. Partial Differential Equations 14 (1989), no.
8-9, 1071-1089.

[§ Arkeryd, L., Cercignani, C. (1990): Global existence in L! for
the Enskog equation and convergence of the solutions to
solutions of the Boltzmann equation, J. Stat. Phys. 59 | no.
3-4, 845-867.

E Arkeryd, L., Esposito, R., Pulvirenti, M. (1987): The
Boltzmann equation for weakly inhomogeneous data, Comm.
Math. Phys., 111, 393-407.

Barbara Ridiger The Boltzmann Process



[§ Bellomo, N., Lachowicz, M. (1988): On the asymptotic
equivalence between the Enskog and Boltzmann equations, J.
Stat. Phys. 51 , no. 1-2, 233-247.

@ Bellomo, N., Lachowicz, M., Polewczak, J., Toscani, G.
(1991): The Enskog Equation, World Scientific, Singapore.

[4 Bellomo, N., Toscani, G. (1985): On the Cauchy problem for
the nonlinear Boltzmann equation, global existence,

uniqueness, and asymptotic stability, J. Math. Phys., 26,
334-338.

[@ Bellomo, N., Toscani, G. (1987): The Enskog-Boltzmann
equation in the whole space R3: Some global existence,
uniqueness and stability results, Comput. Math. Appl., 13,
851-859.

[§ Boltzmann, L. (1896): Vorlesungen iiber Gastheorie, J. A.
Barth, Leipzig, Part I; Part Il, 1898, transl. by S. B. Brush,
Lectures on Gas Theory, Univ. Calif. Press, Berkeley (1964).

Barbara Ridiger The Boltzmann Process



(=)

) & & @

Cercignani, C. (1975): Theory and Application of the
Boltzmann Equation, Scottish Acad. Press.

Cercignani, C. (1984): Kinetic Theories and the Boltzmann
Equation, Lect. Notes in Math. 1048, Springer, Berlin.

Cercignani, C. (1987): Existence of global solutions for the
space inhomogeneous Enskog equation, Transport Theory and
Stat. Phys., 16, 213-221.

Cercignani, C. (1988): The Boltzmann Equation and its
Applications, Springer, New York.

Cercignani, C. (1988): Small data existence for the Enskog
equation in LY, J. Stat. Phys., 51, 291-297.

Cercignani, C. (1990): Mathematical Methods in Kinetic
Theory, Plenum Press New York, 2nd Revised Edition.

Cercignani, C. (2005): Global weak solutions of the Boltzmann
equation, J. Stat. Phys., 118, 333-342.




[§ Desvillettes, I., Villani, C. (2005): On the trend to global
equilibrium for spatially homogeneous kinetic systems: the
Boltzmann equation, Invent. Math., 159, 245-316.

[@ Di Perna, R. L., Lions, P. L. (1989): On the Cauchy problem
for the Boltzmann equation: global existence and weak
stability, Ann. Math., 130, 321-366.

[ Enskog, D. (1921): Kinetische Theorie, Kgl. Svenska Akad.
Handl., 63 (4). (Engl. translation in S. Brush, Kinetic Theory,
vol. 3, Pergamon Press, New York (1972)).

[§ Enskog, D. (1922): Kinetische theorie der Warmeleitung,
Reibung und Selbstdiffusion in gewissen verdichteten Gasen
und Fliissigkeiten, K. Svensk. Vet. Akad. Handl., 63, 5-44.

@ Esposito, R., Pulvirenti, M. (2004): From particles to fluids.
Handbook of mathematical fluid dynamics lll, 1-82,
North-Holland, Amsterdam.

Barbara Ridiger The Boltzmann Process



Ethier, S., Kurtz, T. (1986): Markov processes.
Characterization and convergence, Wiley Series in Probability
and Mathematical Statistics: Probability and Mathematical
Statistics, John Wiley & Sons, Inc., New York.

Fournier, N., Guérin, H. (2008): On the uniqueness for the
spatially homogeneous Boltzmann equation with a strong
angular singularity, J. Stat. Phys.131 749-781.

Fournier, N., Méleard, S. (2001): A Markov process associated
with a Boltzmann equation without cutoff and for
non-Maxwell molecules, J. Stat. Phys., 104, 359-385.

Guo, Y. (2004): The Boltzmann equation in the whole space,
Indiana Univ. Math. J., 53, 1081-1094.

Horowitz, J., Karandikar, R. L. (1990): Martingale problems
associated with the Boltzmann equation, Sem. Stoch. Proc.,
San Diego, Ed. E. Cinlar, Birkhauser, Boston, 1989.

lliner, R., Pulvirenti, M. (1989): Global va||d|ty of the

Barbara Ridiger The Boltzmann Process



Jacod, J., Shiryaev, A. N., 2003. Limit theorems for stochastic
processes, Springer-Verlag, Berlin.

McKean, H. P. (1967): A class of Markov processes associated
with nonlinear parabolic equations, Proc. Nat. Acad. Sci., 56,
1907-1911.

Pulvirenti, M., Saffirio, C., Simonella, S. (2014): On the
validity of the Boltzmann equation for short-range potentials,
Rev. Math. Phys., 26 (2), 64 pp.

Pulvirenti, M., Simonella, S. (2014): The Boltzmann-Grad
limit of a hard sphere system: analysis of the correlation error
arxiv 14054676 ...

Rezakhanlou, F. (1997): A stochastic model associated with
the Enskog equation and its kinetic limits, Comm. Math.
Phys., 232, 327-375.

Rezakhanlou, F. (1996) : Kinetic limits for a class of

interacting particle systems, Prob. Theory Related Fields,
104, 97-146.

Barbara Ridiger The Boltzmann Process



[§ Tanaka, H. (1978): Probabilistic treatment of the Boltzmann
equation of Maxwellian molecules, Z. Wahr. verw. Gebiete, 46,
67-105.

[§ Tanaka, H. (1978): On the uniqueness of Markov processes
associated with the Boltzmann equation of Maxwellian
molecules, Proc. Symp. SDEs, RIMS, Kyoto, 409-429, Wiley,
New York.

[§ Tanaka, H. (1987): Stochastic differential equations
corresponding to the spatially homogeneous Boltzmann
equation of Maxwellian and non cut-off type, J. Fac. Sci. Univ
Tokyo, Sect. A, Math., 34, 351-369.

[ Tanaka, H. 1973 On Markov process corresponding to
Boltzmann's equation of Maxwellian gas. Proceedings of the
Second Japan-USSR Symposium on Probability Theory
(Kyoto, 1972), 478 - 489. Lecture Notes in Math., 330,
Springer, Berlin.

[§ Truesdell, C., Muncaster, R. C. (1980): Fundamentals of



