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The equation
We start from the following stochastic damped wave equation
O2u(t, x) + |Opu(t, ©)Pult, z) = O2u(t, x) + |Opu(t, ©)[Pu(t, )
—y Ou(t, x) + (u(t, z) X u(t,x)) o dw(t, z),
u(0,2) = uo(x),  Ou(0,z) = vo(z), )
1

in dimension 1 + 1, whose solution takes value in S?, the
unitary sphere of R3.
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The equation

We start from the following stochastic damped wave equation
Ofu(t, ) + |Owu(t, x)Pu(t, x) = BFu(t, ) + |0su(t, ) Pu(t, z)
—y Ou(t, x) + (u(t, z) X u(t,x)) o dw(t, z),

u(0,z) = up(z), Ou(0,x) = wvo(x),
(1)

in dimension 1 + 1, whose solution takes value in S?, the
unitary sphere of R3.

Here ~ is a positive constant friction coefficient and the initial
condition (ug,vp) is taken in M, where

M = {(u,v) R~ TSQ},
and

TS? := {(h,k) € S xR® : h-k=0}.
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The noise

Here the stochastic differential is in Stratonovich form and

w(t), t >0, is a spatially homogeneous Wiener process on a
complete filtered probability space (Q, F, (Ft)t=0s JP’),

We assume that the spectral measure ;1 of the noise has a
density m such that

/(1 + 2%) m(z) dz < oo.
R
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The noise

Here the stochastic differential is in Stratonovich form and

w(t), t >0, is a spatially homogeneous Wiener process on a
complete filtered probability space (Q, F, (Ft)t=0s JP’),

We assume that the spectral measure ;1 of the noise has a
density m such that

/(1 + 2%) m(z) dz < oo.
R

The well-posedness of equations of this type have been already
studied in the existing literature.

See the works by Brzezniak- Ondrejat and others.
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Our problem

We have studied equation (1) under a parabolic rescaling,
which transforms the system into a family of equations

parametrized by a small parameter € > 0, in which time is
dilated and space is rescaled.
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Our problem

We have studied equation (1) under a parabolic rescaling,

which transforms the system into a family of equations
parametrized by a small parameter € > 0, in which time is
dilated and space is rescaled.

Namely, for every € > 0 we define

ue(t, ) == u(t/e, x/\e), (t,z) € [0,400) x R,
and

investigate the asymptotic behavior of u., as € | 0.

In particular, we study the transition from the stochastic
hyperbolic regime to a deterministic parabolic limit.
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The deterministic case

This problem has been already addressed by Jiang, Luo, Tang,
and Zarnescu (2019) when there is no noise, in the more
delicate situation of space dimension d > 2.
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The deterministic case

This problem has been already addressed by Jiang, Luo, Tang,
and Zarnescu (2019) when there is no noise, in the more
delicate situation of space dimension d > 2.

In that case, in order to get the same convergence, which is
clearly only local in time, the authors expanded u(t,z) as

uc(t, z) = u(t,z) + ub(t/e, z) + Veus(t, ),

where ué is a suitable boundary layer which is given explicitly
and u%, is the solution of the damped wave equation

e fufp(t,x) = Ruf(t, x) — duf(t, x) + S(uf) (t, x) + R(ug)(t, x),

for some singular term S(u%) and regular term R(u$).
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The rescaled equation

After converting the Stratonovich’s differential into the It6’s
one, u. satisfies the equation

eO2u(t, x) + e|Opu(t, z)|*u(t, ©) = 0 u(t, x) + |0pu(t, z)|*u(t, x)
—0 Opu(t, x) + \/E(u(t) X &gu(t))&gwe(t, x),

u(0,z) = ug(z), Owu(0,z) = vj(x),
(2)

for some initial conditions u{ and vf, depending on €. Notice
that here the friction v is enhanced by the new one

1
0 =7+ 5 uR).
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The rescaled equation

After converting the Stratonovich’s differential into the It6’s
one, u. satisfies the equation

eO2u(t, x) + e|Opu(t, z)|*u(t, ©) = 0 u(t, x) + |0pu(t, z)|*u(t, x)
—0 Opu(t, x) + \/E(u(t) X &gu(t))&gwe(t, x),

u(0,2) = ug(z), Owu(0,z) = v5(x),
(2)

for some initial conditions u{ and vf, depending on €. Notice
that here the friction v is enhanced by the new one

1
Yo =+ §M(R)-

The rescaled noise w(¢, z) is white in time and inherits a
spatial covariance structure adapted to the parabolic scaling.
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Stratonovich vs Ito

As a general principle, considering Stratonovich formulation in
S(P)DEs is essential for preserving the geometric compatibility
of the solution space.

Sandra Cerrai Parabolic rescaling of a stochastic wave map



Stratonovich vs [to

As a general principle, considering Stratonovich formulation in
S(P)DEs is essential for preserving the geometric compatibility
of the solution space.

In the specific case studied here, where the random
perturbation involves the co-normal term u x Oyu,

it would be possible to introduce an Itd noise instead, and still
preserve the geometric constraint of remaining on S?.
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Stratonovich vs [to

As a general principle, considering Stratonovich formulation in
S(P)DEs is essential for preserving the geometric compatibility
of the solution space.

In the specific case studied here, where the random
perturbation involves the co-normal term u x Oyu,

it would be possible to introduce an Itd noise instead, and still
preserve the geometric constraint of remaining on S?.

- However, this alternative would require imposing a sufficiently
large friction coefficient v, in order to control the dynamics and
study the limiting behavior of u., instead of any arbitrary

~ > 0, as here.
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Stratonovich vs [to

As a general principle, considering Stratonovich formulation in
S(P)DEs is essential for preserving the geometric compatibility
of the solution space.

In the specific case studied here, where the random
perturbation involves the co-normal term u x Oyu,

it would be possible to introduce an Itd noise instead, and still
preserve the geometric constraint of remaining on S?.

- However, this alternative would require imposing a sufficiently
large friction coefficient v, in order to control the dynamics and
study the limiting behavior of u., instead of any arbitrary

~ > 0, as here.

- Moreover, the limiting equation would forget about the noise
used in the hyperbolic system.
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Some related previous work

We have already studied similar asymptotic problems for
stochastic damped wave equations with constraints.

However, in those works we considered equations on a bounded
domain @ C R%, where the solutions were constrained to lie on
the Hilbert manifold of functions in H := L?(O) with norm
equal 1.
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Some related previous work

We have already studied similar asymptotic problems for
stochastic damped wave equations with constraints.

However, in those works we considered equations on a bounded
domain @ C R%, where the solutions were constrained to lie on
the Hilbert manifold of functions in H := L?(O) with norm
equal 1.

The analysis of both papers

- was motivated by the study of the small-mass limit, also
known as Smoluchowski-Kramers approximation;

- was only related to the study of the limit of wu..
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The first model
Together with Z. Brzezniak we have studied
€ Ouc(t, @) + elduc(t) Bruc(t, ) = Au(t, )
HVue(t) [frue(t, @) — 7 pue(t, z) + o (uc(t)) dpw(t, ),

ue(0,2) = uin(x), Opue(0,x) = vin(x),

uc(t,x) =0, xe€ 00,

when the parameter € | 0. Here @ C R? is a bounded and
regular domain and ¢ has a suitable form.
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The first model
Together with Z. Brzezniak we have studied
€ DPuc(t, ) + €|Opuc(t)|3ruc(t, ©) = Auc(t, z)
V() e, 2) — 7 Bute (1) + 0 (ue(£)) Dew(, ),

ue(0,2) = uin(x), Opue(0,x) = vin(x),

uc(t,x) =0, xe€ 00,

when the parameter € | 0. Here @ C R? is a bounded and
regular domain and ¢ has a suitable form.

We have shown that

the solution u. converges to the solution of a stochastic
parabolic equation subject to the same constraint, where an
extra noise-induced drift emerges.
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The small-mass limit

We have shown that under suitable regularity conditions for the
initial conditions, x for every T' > 0 and n > 0 we have

lim P (lue = ulpa ..y >n) =0,

where u € L?(Q; L*(0,T; H' 1 M) N L?(0,T; H?)) is the unique
solution of the equation

v Orult, &) = Ault, x) + |Vu(t) Frult, ) — %HU(U(U)H%Q(K,HW@)
+o(u(t))oyw(t, x),

(0, z) = ujp(x), u(t,z) =0, =z € 00.
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A second model

Together with M. Xie, we have considered the constrained
system

e OPuc(t, ) + |0 (1) 3 ue(t, ),
= Auc(t, )+ [Vuct)fy uclt,2) — Y Oucltox)  (3)
+Ve (ue(t) x yue(t)) o Bw(t, x),
with Dirichlet boundary conditions and initial conditions
ue(0, ) = uin(x), Opuc(0, ) = vin(z),
in a bounded interval [0, L|. Here

w: [0, 4+00) x [0, L] — R3,
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The noise

The noise w(t, x) is a scalar cylindrical Wiener process given by

w(t,r) = Z i) Bi(t),

for a sequence of independent Brownian motions defined on
some stochastic basis (€2, F, {F }+>0,P).
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The noise

The noise w(t, x) is a scalar cylindrical Wiener process given by

= > &@p

for a sequence of independent Brownian motions defined on
some stochastic basis (€2, F, {F }+>0,P).

We assume that & € C?([0, L]), for all i € N. Moreover, the
functions

=Y lG@? e Z §(@)7, pa(z Z e
i=1
belong to C([0, L]). In particular, ¢ € C?([0, L}]).
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The limiting result

We have proved that if the initial condition is sufficiently
regular, then for every 7' > 0 and § < 2

HImP | sup |ue(t) —u(t)|gs >n | =0,
=0 \¢elo1]

for every n > 0, where
uwe C([0,400); H?), e L*0,+o0; H)

is the unique solution of the equation

1 3
Oy K’y + - !u%;;) u] = Au+ —(p(Au Su)u
’ > ()
3p
|14 S|

with Dirichlet b.c.
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We emphasize that the methods we developed for those two
models

- cannot be reduced to a parabolic rescaling,
- relied on substantially different techniques,

due to the fundamentally distinct nature of the imposed
functional constraints.

Sandra Cerrai Parabolic rescaling of a stochastic wave map



Back to our problem

With M. Xie we have considered the equation
€D?u(t, x) + e|dpu(t, z)|Pu(t, ©) = 0 u(t, x) + |0pu(t, z)|*u(t, x)
=0 Opu(t, ) + Ve(u(t) x dpu(t)) dwe(t, x),

u(0,z) = ug(z), Ou(0,z) = v5(x),

where, we recall,
1

Yo =7+ 3 w(R).
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Back to our problem

With M. Xie we have considered the equation
€D?u(t, x) + e|dpu(t, z)|Pu(t, ©) = 0 u(t, x) + |0pu(t, z)|*u(t, x)
=0 Opu(t, ) + Ve(u(t) x dpu(t)) dwe(t, x),

u(0,z) = ug(z), Ou(0,z) = v5(x),

where, we recall,
1

0 =7+ 5 k().

In 2007, Brzezniak and Ondreijat showed that for every ¢ > 0
such equation is well-posed in

(HE(R;R?) x Hpp (R;R?)) N M.
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Well-posedness

In fact, we could improve such result and show that

for every T > 0 and (u§,v§) € (H?(R;R3) x HY(R;R?)) N M,
there exists a unique global strong adapted solution .

such that )
ue € L*( L=(0, T; H*(R; R?))),

and
Opue € L*(; L°°(0,T; H' (R; R?))).
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The initial conditions

In the study of the limiting behavior of (ue, dyue) we assume
that for every e € (0,1),

(u§,v§) € (H*(R;R?) x HY(R;R?)) N M,
and the following condition holds

Ay = sup \(ug,ﬁvé)!m(mxw(m .
e€(0,1)

and

As := sup \/E’(UBM/EU(EJ)‘HQ(R)le(R) < 0o
e€(0,1)

Sandra Cerrai Parabolic rescaling of a stochastic wave map



Uniform estimates - It0’s formula

We fix 0 < T < R, and for every ¢ > 0 we apply the It6 formula
to the mapping

(t7 (u67 615“6))

k k
= 105 el Lo rony ey + €108 el a1 ((rsy ey

with ¢ € [0,T], for k =0, 1.
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Uniform estimates - It0’s formula

We fix 0 < T < R, and for every ¢ > 0 we apply the It6 formula
to the mapping

(t‘/ (u67 815“6))

k+1 2 k 2
= 10 el r((rt) ey T €100 Dl L2 (1((rt) /ey
with ¢ € [0,T], for k =0, 1.

Notice that we need to handle boundary terms, but we have
nice cancellations and at the end we have estimates that do not
have boundary terms.
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Uniform estimates - Estimates in H! x L2

A first consequence of the It6 formula is

O3 11y e + 10O L2 a1y v0)

t
+27/0 \atue(s)|i2(1((3_5)/\/g))d5 < |DU(EJ|%2(R) te |U(E)‘2L2(R)v

P-almost surely.
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Uniform estimates - Estimates in H! x L2

A first consequence of the It6 formula is

O3 11y e + 10O L2 a1y v0)

t
+27/0 ‘atue(g)|i2([((1{_5)/\ﬁ))ds < |DU(E]|%2(R) te |U(E)‘%2(R)’

P-almost surely.

If we take € € (0, 1), this implies that for every R > 1

|6mue (t) |%2(—R,R) + €|atu6 (t> |%2(—R,R)

¢
+27/0 \8tu€(8)|%2(_R7R)dS < |DU6|%2(R) +e |U(E)‘%2(R)’

P-a.s. Notice that L?(—R, R) can be replaced by L?(R).
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Uniform estimates - Estimates in H2? x H!

A second consequence is that for every R > 0 and T > 0

E sup <\3§Ue(t)\%2(—R,R)+€’3w3tue(t)’%2(—R,R))
te[0,7)

T
E / |02 Ohute ()72 g oy Ot
0

Sy [D?ug ’LQ +6‘DUO‘L2(R
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Uniform estimates - Estimates in H2? x H!

A second consequence is that for every R > 0 and T > 0
E sup <\8§Ue(t)\%2(_373) + dawatuE(t)’%?(—R,R))
t€[0,T]
T
E / OuDhte(8) 2o gyt
0

Sy [D?ug ’LQ +6‘DUO‘L2(R

Notice that since the estimate above is uniform w.r.t. R > 1,
we can replace L?(—R, R) with L?(R) on the left hand side.
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Two fundamental facts

Thanks to the regularity of u. and d;u., we can integrate by
parts in R and obtain

t
|05t (t) T2y + € Orue(t) T2y + 27 /0 [Octe(s) 22 gy s

‘DUO‘LZ +6‘U0|L2 P-a.s.
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Two fundamental facts

Thanks to the regularity of u. and d;u., we can integrate by
parts in R and obtain

t
|05t (t) T2y + € Orue(t) T2y + 27 /0 [Octe(s) 22 gy s

‘DUO‘LZ +6‘U0|L2 P-a.s.

Another crucial fact we can prove is

T
sup IE/ |6§u6(8)|iz(R)dS < cr.
ec (0,1) 0
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The heat flow equation
We introduce the deterministic heat flow equation
Yo pu(t, z) = O2u(t, ) + |Opu(t, 2)|*u(t, z), (t,r) € RT x R,
u(0,z) = ug(z), z € R,

(6)
where ug € M := {u: R — S?}. We recall that

1
Y0 =7+§M(R)-

It is easy to check that u(t) € M, for all t € RT.
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The heat flow equation
We introduce the deterministic heat flow equation
Yo Opu(t, z) = O2ult, z) + |Opul(t, z)[*u(t, ), (t,z) € RT x R,

u(0,x) = up(z), r € R,

(6)
where ug € M := {u: R — S?}. We recall that

1
70 =7+ 5 huR).

It is easy to check that u(t) € M, for all t € RT.

We have proved that for every T' > 0 and ug € H'(R) N M,
problem (6) admits at most one solution in

L®((0,T) x R) N L>=(0, T; H'(R)) N L?(0, T; H*(R)).
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A law of large numbers

We fix ug € H'(R) N M such that
}i_{% |ug — UO‘LfOC(JR) =0. (7)

Then, for every T' > 0, 61 < 1 and d2 < 2, and every n > 0, we
have

lim P

ey ('“ﬁ ~ ooyt my t e = Ul a0 1p m)) > ") =0,

where v is the unique solution of the heat flow equation (6).
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A few remarks

- Due to our assumptions, the sequence (u§ — uo)ee (0,1) i8
bounded in H} (R).
Hence (7) implies that for every § < 1

lim |u§ — ugl s =0.
lim [ug — uolps ()
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A few remarks

- Due to our assumptions, the sequence (u§ — uo)ee (0,1) i8
bounded in H} (R).
Hence (7) implies that for every § < 1

lim |u§ — ugl s =0.
lim [ug — uolps ()

- As a consequence of our limiting result, we obtain that we
obtain that for every T > 0 and ug € H*(R) N M,

the heat flow equation has a unique solution
u € L>®(0,T; H'(R)) N L?(0,T; H?(R)).

This result seems to be new in the existing literature.
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About the heat flow equation

In fact we prove that for every T > 0, k € N and
ug € HF(R) N M, there exists a unique solution

we L¥(0,T; H*(R)) N L*(0, T; H* ' (R)),

with
du e L*0,T; H 1)

and
2 g 2
sup ’u(t”Hk(R) +/0 lu(t) Hk+1(R)dt

te[0,7

T
+/)@MM%1®ﬁ§%ﬂummm)
0
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About the heat flow equation

In fact we prove that for every T > 0, k € N and
ug € HF(R) N M, there exists a unique solution

we L¥(0,T; H*(R)) N L*(0, T; H* ' (R)),

with
o € L2(07T§ Hk_l)
and
2 g 2
sup |u(t)| % +/ u(t) | dt
tE[O,T]’ ( )|Hk(R) 0 u(t) H I ®)
T
+/ |8tu(t)|§{k71(R)dt < Ck,T(‘u0|H’“(R))'
0
Moreover,

t
8g;u(t)|%2(R)+2’yo/ 1041(5) 2y ds = [ Dito2agay
0
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A few comments about the proof

- In view of the uniform bounds we have proven for u. and

Osue, we can show that for every T' > 0 and for every §; < 1
and 6o < 2,

the family of probability measures (£(uc))cc(o,1) is tight in
the space

X = C([0,T); HY (R)) N L*(0, T; H2(R)).
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A few comments about the proof

- In view of the uniform bounds we have proven for u. and
Osue, we can show that for every T' > 0 and for every §; < 1
and 6o < 2,

the family of probability measures (£(ue))ce(o,1) is tight in
the space

X = C([0,T); H!

loc

(R)) N L*(0, T; H (R)).

- We identify any weak limit of (£(u¢))ec(o,1) in & with the
solution of the heat flow equation.

Due to the uniqueness for the heat flow equation, we
conclude that

the whole sequence converges to u in X in probability.
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The limiting behavior of dyu, - A positive result

We have proved that

the sequence (Jyuc)cc (o,1) converges in probability to dyu, with
respect to the weak convergence in L?(0, T; L*(R)).
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The limiting behavior of dyu, - A positive result

We have proved that

the sequence (Jyuc)cc (o,1) converges in probability to dyu, with
respect to the weak convergence in L?(0, T; L*(R)).

We have that for some M > 0
{Otic}ec 0,1) € S = {p € L*(0,T; L*(R)) : |@lr20m2my) < M},

and dyu € Syy.
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The limiting behavior of dyu, - A positive result

We have proved that

the sequence (Jyuc)cc (o,1) converges in probability to dyu, with
respect to the weak convergence in L?(0, T; L*(R)).

We have that for some M > 0
{Otic}ee (01) C Sar = {w € L*(0, T; L*(R)) : lelr201r2m)) < M},

and dyu € Syy.

Then, the metrizability of Sy and the convergence in
probability of u. to u allow to conclude.
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The limiting behavior of dyu,. - A negative result

We have shown that if /e [v]2(r) — 0, then

the sequence (Opue)ce (0,1) does not converges in probability to
Oyu, with respect to the strong convergence in L?(0,T; L*(R)).
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The limiting behavior of dyu,. - A negative result

We have shown that if /e [v]2(r) — 0, then

the sequence (Opue)ce (0,1) does not converges in probability to
Oyu, with respect to the strong convergence in L?(0,T; L*(R)).

Recall that we proved

t
|Ote (8)[72m) + €10ruc(t) |72 () + 27 /0 |Ortte () [72 gy ds
‘DUO‘Lz +€"U0’L2 P-a.s.

and

t
0(t) 22y + (27 + u(R)) /0 Oyu(s) 22 gy ds = | Dol
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Therefore, we get

T 2 n(R) Tt 2
/ / |Opue(s)| 72wy ds dt — (1 + W) / / |Opu(s)|72 (g ds di
0o Jo o Jo

el 1 T
= 2,}/ ‘ O|L2 - Z(/O |axue(5)‘i2(R) dt

T e [T 9
—/0 |0, u(s )|L2 dt 27/ |atu6(5)|L2(R)dt'
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Therefore, we get

T 2 n(R) T 2
0 0 0 0

eT 1 T

T e [T 9
_/0 |0, u(s )|L2 dt 27/ |Opue(s)|72(r) dl-

Since the r.h.s. converges to zero in probability, we have that
the L.h.s. converges to zero in probability.

We show that if 4(R) # 0, this implies

Opue #» Opu,  in probability  in L(0,T; L*(R)).
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Analysis of fluctuations

Next, we want to address the nature of the stochastic
fluctuations around the deterministic limit, in the case the noise
has the special structure

wit, z) = (* w'(t, )(x) = / n(x — gyt (t, y)dy,
R

where wy is a fractional noise of Hurst index H € (1/2,1) and
7 is a smooth positive kernel such that

1- ]:77(%‘) 5 ‘x|a’ x € (_L 1)7

and
\Fn(@) S’ =>1,

for some constants a > H —1/2 and b < H — 2.
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Some notations

In what follows we define
ye(t,z) = 2 N (t,x) —u(t,z)), (t,z) e RT x R.
Moreover, we denote by g, the solution of the problem
7% 0r0c(t, ) = 07 0e(t, @) + |Opult, )  0c(t, 2)
+2(0p0e(t, ) - Opu(t, z))ue(t,x) + (ug(t) X 8tu€(t))Q68th(t, x),
0e(0, ) = "7 (uf(x) — uo(2)),

(8)

where

Q°h (z) = i/ﬂ%n(x_y)h(y)dy, he IA(R).
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A weak central limit theorem

For every T > 0 and up € H*(R) N M such that

lug — uop [2(R) = 0(617H/2), 0<ex 1,
we have

ye — o in L*(Q;L*(0,T; L*(R))), as ¢ — 0,

where o € L?(Q; L?(0,T; H)) is the unique solution of the
equation

Y0 9ro(t) = 07 0(t) + |02u(t)*o(t) + 2(Dpu(t) - Dpo(t))u(t)

+(u(t) x Otu(t))(?th(t),

and u is the unique solution of the heat flow equation.
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More precisely, with the notations introduced above, we have
0c — o in L*(Q;L%0,T;L*[R))), as €—0,

and
1/2

T
i ([ ) - 0O ) =0

e—0
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More precisely, with the notations introduced above, we have
0c — o in L*(Q;L%0,T;L*[R))), as €—0,

and
1/2

T
i ([ ) - 0O ) =0

e—0
Moreover, if we assume that ug € H3 (R)N M, and
}(Ug—uoa\/gvg)‘Hl(R)ng(R) :O(GB), OD<ex 1,

for some S > 0, then we get

T
lim SupE/ |0c(t) = 0(t)[72(my dt ST p(R),
0

e—0
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A few comments about the result

The analysis of fluctuations is technically demanding due to the
geometry of the target manifold and the non-trivial structure of
the noise which involves not only the position u, but also the
velocity Oyu.
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A few comments about the result

The analysis of fluctuations is technically demanding due to the
geometry of the target manifold and the non-trivial structure of
the noise which involves not only the position u, but also the
velocity Oyu.

The key point is showing that

proving the convergence of y. to ¢ in L?(0,T; L*(R)) - whether

in distribution, in probability, in mean-square, or in the weak

topology of L2(; L2(0,T; L3(R))) - can be reduced to proving
the analogous convergence of 9, to 1,

where 9, solves
70 00 (t) = 20e(t) + (u(t) x dpuc(t))dpwr(t),  Vc(0) =0,
and 1 solves

10 00(t) = 829(t) + (u(t) x dpu(t))duwy(t),  9(0) = 0.
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In particular, since we can show that for every
® € L?(; L?(0,T; L*(R))) it holds

e—0

T
lim E /0 (O(t) — (1), ®(t)) 12(ry dt = 0,

we obtain the validity of a weak version of the central limit
theorem, in the sense that

we show that y. converges to ¢ with respect to the weak
topology of L?(Q; L?(0,T; L*(R))).
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The classical CLT

Our result does not imply the CLT. The validity of a classical
CLT - convergence in distribution, to what limit - remains still
open and we are trying to understand that.
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The classical CLT

Our result does not imply the CLT. The validity of a classical
CLT - convergence in distribution, to what limit - remains still
open and we are trying to understand that.

The only rigorous result we can prove is

T 1/2
s ([ 1) = o0)gey ) S v/l

e—0
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The classical CLT

Our result does not imply the CLT. The validity of a classical
CLT - convergence in distribution, to what limit - remains still
open and we are trying to understand that.

The only rigorous result we can prove is

T 1/2
s ([ 1) = o0)gey ) S v/l
e—0 0
However, the fact that dyu. does not converge in probability to
Oyu with respect to the strong topology of L?(0,T; L?(R),
makes us believe that the CLT should give in the limit
something different than p.
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Discussing with Francesco Caravenna this week, it seems that
we could conjecture that the possible limit is something like

Y0 deo(t) = 07 o(t) + [9uu(t)*olt) + 2(0sult) - Dzo(t))u(t)
+(u(t) x @u(t))ath(t) + extra stochastic term,
0(0) = 0.

The extra term could involve another noise @ independent of
w! | with some non-linear coefficient depending on u and its

derivative Osu.
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About the proof - Step 1
Recall that we have defined
Ye 1= eH/Qfl(u6 —u), e > 0.

We have proved that if H € [1/2,1), then, for every T' > 0 and
a>0

T
E sup |ye(t)2s +E / e (1) 2t
te[0,7) 0

S,a,T E_(1/2+Ot) + EH_2 ’U(E) o UU|%2(R), 0 <ce< 1.
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About the proof - Step 1

Recall that we have defined
Ye 1= eH/Qfl(u6 —u), e > 0.

We have proved that if H € [1/2,1), then, for every T' > 0 and
a>0

T
E sup |ye(t)2s +E / e (1) 2t
te[0,7) 0

S,a,T E_(1/2+Ot) + EH_2 ’U(E) o UU|%2(R), 0<e < 1.
In particular, we have

T
E sup [uc(t) — u(t) s + E / e (£) — u(t) 22t
te[0,7] 0

<a,T 63/27H7a + |u(6) - uO’%ﬁ(R)? 0<ex 1.

~
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An improved LLN

This means that if we fix ug and a sequence (u§)ce (,1) as in the
CLT, we conclude

T
li_r>1(1) E sup |uc(t) — u(t)|%z(R) —i—E/ |ue(t) — u(t)|Fdt = 0.
€ t€[0,T 0
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An improved LLN

This means that if we fix ug and a sequence (u§)ce (,1) as in the
CLT, we conclude

T
lim E sup |ue(t) — u(t)|%2(R) + E/ |ue(t) — u(t)[Fdt = 0.
=0 4ef0,1) 0

Therefore, the convergence in probability of u. to u in
C([0,T]; L, (R)) N L2(0, T Hyg o (R))
can be improved to mean-square convergence in

C([0,T]; L*(R)) N L*(0, T; H'(R)).

Moreover, a bound on the rate of convergence is given,
depending on the initial conditions.
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About the proof - Step 2

A few slides above we introduced o, the solution of the
problem

7% 0;0c(t,x) = 87 0c(t, x) + |Opu(t, ) Poe(t, @)
+2(0p0e(t, @) - Dpu(t, z))uc(t, z) + (ue(t) x due(t)) QOw™ (¢, z),
0c(0, ) = "*7 (uf () — uo(2)),

We have proven that

lim E |ye — oel z2(0,;222)) = 0-

Sandra Cerrai Parabolic rescaling of a stochastic wave map



About the proof - Step 2

A few slides above we introduced o, the solution of the
problem

Y0 ath(tv .73) - 83?96(@ :U) + ‘a’ru(tv $)|206(t, .73)
+2(0p0e(t, @) - Dpu(t, z))uc(t, z) + (ue(t) x due(t)) QOw™ (¢, z),
0c(0,2) = "7 () — uo()),

We have proven that

lg% E|ye — oc L2(0,T;L%(R)) — 0.

Notice that this limit is not trivial at all, as we have to handle
several bad terms, among all ¢//2 97,
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About the proof - Step 3

We fix T > 0 and ¢ € L?(0,T; L*(R)), and for every
v € L?(0,T; L*(R)) we define

O (v)(t) = % /U ¢34 (10,u(s)Po(s)) ds

+= [ e A (pu(s) - Dpv(s))uls))ds + E(E).

Y0 Jo
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About the proof - Step 3

We fix T > 0 and ¢ € L?(0,T; L*(R)), and for every
v € L?(0,T; L*(R)) we define

O (v)(t) = % /U ¢34 (10,u(s)Po(s)) ds

2 [P 1L—9a

—l-% i e ((Bmu(s) . va(s))u(S))dS +&(t).

We have shown that the mapping
Q¢ : L*(0,T; L*(R)) — L*(0,T; L*(R))

is well-defined and continuous.
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Next, we have shown that for every & € L?(0,T; L?>(R)) there is
a unique A(¢) € L2(0,T; L?(R)) such that
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Next, we have shown that for every & € L?(0,T; L?>(R)) there is
a unique A(¢) € L2(0,T; L?(R)) such that

Moreover, the mapping A : L2(0,T; L*(R)) — L%(0,T; L?*(R)) is
linear and continuous. Namely

IAE)|L2(0,m,22m)) ST 1€l 200,702 (R))-
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About the proof - Step 4

Now, due to our definition of p., we have that
Qe = A(Ze);
where we have denoted by z. the solution of the problem

Y0 Deze(t) = 07 ze(t) + (ue(t) x Dypuc(t))Qdw™ (1),

= H/2-1

with initial condition z(0) u§ — up).-
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About the proof - Step 4

Now, due to our definition of p., we have that
Qe = A(Ze);
where we have denoted by z. the solution of the problem

Yo Orze(t) = axQZG () + (ue(t) x Gpuc (t))Qede<t)>

= H/2-1

with initial condition z(0) u§ — up).-

Thus, if we are able to prove that
Ze >z, €—0,
in some appropriate sense, then
0c = AN(ze) > A(z), €e—0,

in some appropriate sense.
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We have proved that for every T'> 0 and H € (1/2,1),

ze =z in L*(Q;L*(0,T; L*(R))), ase— 0,

2(t) :== _/0 e (t_S)A(u(s) x dpu(s))dw (s), t€[0,T).
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We have proved that for every T'> 0 and H € (1/2,1),

ze =z in L*(Q;L*(0,T; L*(R))), ase— 0,

S te%(t_s)Aus u(s))dw™ (s
)= o | (u(s) % u(s))du(5), € [0.7)

Therefore, we obtain
0 = A(2) = 0 in L*(Q; L*(0,T; L*(R))),
where ¢ is the unique solution of the equation
Y0de0(t) = 97 0(t) + 0zu(t)*o(t) + 2(dzu(t) - Duo(t)ult)

+ (u(t) x 6tu(t))8th(t), 0(0) = 0.
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One last comment

As a byproduct of our analysis, we have also shown that for
l<ex1

E sup |uc(t) — u(t)\%{l
t€[0,T]

T
+E / Brue(t) — Byu(t) Zaggydt S u(R) + 2.
0

In particular, we recover what proved in the deterministic case,
under lower regularity conditions for the initial data.
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Thank you
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For every u € H'(R) N M there exists a sequence

(tn)n>1 C [ HY(R) N M,
keN

such that v — u, € L?(R), for every n € N, with

nh_}rrolo U — Up| g1 () = 0.

In particular, this justifies condition (7).
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